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”Everybody knows that some things are simply impossible

until somebody, who doesn’t know that,

makes them possible.”

A. Einstein

”Alla inser att n̊agra saker är helt omöjliga

tills n̊agon, som inte vet,
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A. Einstein
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Preface

In this study, development and modelling of a quadrotor helicopter were per-

formed. The main activities can be divided into four groups. The dynamic system

modelling needed to be examined to understand the evolution of the forces in play.

The control algorithm evaluation pointed out the stability and robustness using

several control laws. The Matlab simulator was a good tool to test the correctness

and the accuracy of the model and the control algorithms. Finally the real plat-

form gave the chance to verify the calculations and simulations on a mechanical

structure. This activities were conducted from October 2007 to October 2008.

The project was carried out by myself, Tommaso Bresciani, as thesis trainee,

Eng. Daniele Caltabiano and Eng. Roberto Sannino as Company supporting

supervisors. Most of the studies were performed in the AST Robotics group,

ST Microelectronics, Agrate, Italy. Two universities cooperated in this activity:

Politecnico di Milano, Italy and Lunds Tekniska Högskola, Sweden. Many thanks

to Prof. Andrea Bonarini (my thesis supervisor from Italy) and Prof. Anders

Rantzer (my thesis supervisor from Sweden) for their contribution. I would also

like to thank Prof. Marco Lovera for his advices on flight dynamics.

Agrate, October 2008.

Tommaso Bresciani
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Chapter 1

Introduction

This thesis work focuses on the study of a Vertical Take-Off and Landing

(VTOL) Unmanned Aerial Vehicle (UAV). The proposed structure is a four-

propeller helicopter called quadrotor.

In these last years, a growing interest has been shown in robotics. In fact, sev-

eral industries (automotive, medical, manufacturing, space, . . . ), require robots

to replace men in dangerous, boring or onerous situations. A wide area of this

research is dedicated to aerial platform.

Several structures and configurations have been developed to allow 3D move-

ments. For example, there are blimps, fixed-wing planes, single rotor helicopters,

bird-like prototypes, quadrotors, . . . Each of them has advantages and drawbacks.

The Vertical Take-Off and Landing requirement of this project exclude some of

the previous configuration. However, the platforms which show this characteristic

have unique ability for vertical, stationary and low speed flight. The quadrotor

architecture has been chosen for this research for its low dimension, good ma-

neuverability, simple mechanics and payload capability. As main drawback, the

high energy consumption can be mentioned. However, the trade-off results very

positive.
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This structure can be attractive in several application, in particular for surveil-

lance, imaging, dangerous environments, indoor navigation and mapping. The

goals of this thesis are the system modelling, the control algorithm evaluation,

the simulator design and the real platform development.

The study of the kinematics and dynamics helps to understand the physics of

the quadrotor and its behavior. Together with the modelling, the determination of

the control algorithm structure is very important to achieve a better stabilization.

The whole system can be tested thanks to a Matlab-Simulink program which is

interfaced with the remote controller. This software provides a 3D graphic output

as well as status data, for the debugging of the system performance.

The real platform has been developed by creating a system of interconnected

devices. Two types of sensors have been used for measuring the robot attitude

and its height from the ground. For the first purpose, an Inertial Measurement

Unit (IMU) have been adopted, while the distance has been estimated with a

SOund Navigation And Ranging (SONAR) and an InfraRed (IR) modules. The

data processing and the control algorithm are handled in the Micro Control Unit

(MCU) STR730 which provides the signals to the motors. Actually, four motor

driver boards are needed to amplify the power delivered to the motors. Their

rotation is transmitted to the propellers which move the whole structure.

According to the goals of this project, the research has been very detailed

in both modelling and simulation. Thanks also to the identification process, the

performance of the real platform has been satisfactory. The quadrotor tests shows

roll and pitch errors always less than one degree. The yaw error has values less

than two degrees under static condition and less than four degrees under dynamic

tracking. The height stabilization has an error of just two centimeters.

To improve this quadrotor project, several modifications can be done. For

example, a high level controller can be implemented to follow position require-

ments, obstacle avoidance and trajectory planning. Furthermore a camera can

be used for mobile targets tracking or environment mapping . . .
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This thesis is structured as follows:

Chapter 2 gives an overview of the state of the art of the research area. Other

related works are cited to show what has already been done in this field.

Chapter 3 provides the derivation of the quadrotor model. The dynamics

is explained from the basic concepts to the Newton-Euler formalism. Particular

attention is given to the motor-gears-propeller system and to the whole quadrotor

architecture.

Chapter 4 focuses on the control algorithms needed to stabilize the quadrotor.

The model of the helicopter is simplified to be able to use an easier controller and

to lower the algorithm complexity. PID techniques is adopted in this work. The

different phases of the control structure are presented.

Chapter 5 shows the quadrotor simulator. It is a Matlab-Simulink program

used to verify the correctness of the helicopter dynamic model and to test the

control algorithm performance. The system structure, block implementations and

3D visualization are deepened to better explain the power of this tool.

Chapter 6 deals with several approaches used to estimate constants, according

to the known information. Some of these are: basic measurements, dynamic

derivation and experimental data extrapolation.

Chapter 7 presents the main quadrotor sensors. The height of the robot is

identified thanks to a SONAR and a IR modules. Particular attention is given

to their performance and interfaces. To measure the attitude of the helicopter an

IMU is chosen. Its inner sensors and communication frame are presented.

Chapter 8 focuses on the quadrotor motor drivers. They are fundamental

to interface the Micro Controller Unit (MCU) outputs to the motors (connected

with the propellers). All the developing process is reported: schematic design,

simulation, PCB design, realization and final tests.

Chapter 9 gives an overview of the STR730 Micro Control Unit. The charac-

teristics of its peripherals, their use and their interconnections are presented. In

addition, the software structure shows the main control cycle and its timing.
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Chapter 10 shows the developing process of the quadrotor platform. A few

photos are attached to provide a visual description. In addition, the experimental

results of the stabilization algorithm are reported.

Chapter 11 summarizes the goals of this thesis, evaluates the performance

and the results of the project and proposes solutions to improve this quadrotor

platform.

Appendix A describes the basic equations which identify a 6 DOF rigid body

with the Newton-Euler formulation.

Appendix B shows the linear regression method in which data are fitted with

a straight line according to the ordinary least squares.

Appendix C explains the determination of the thrust and the drag coefficients

thanks to aerodynamic considerations.

Appendix D presents the moment of inertia theory which describes the dy-

namic behavior of a body in rotation around a defined axis.

Appendix E gives a list of acronyms and abbreviations used in this thesis

(with the respective descriptions), to better clarify their meaning.

Appendix F shows a table with several physic units of measurement. symbols,

names, quantities and equivalences are reported.

Appendix G presents a table of prefixes used in engineering. Each of them

has a specific factor, name, symbol and equivalence.

Appendix H lists all the constants used in this thesis with their symbols, units,

values and descriptions.

Appendix I provides a table with symbols, units and descriptions of all the

variables used in this thesis.



Chapter 2

State of the art

In the last few years, the state of the art in Vertical Take-Off and Land-

ing (VTOL) Unmanned Aerial Vehicle (UAV) has received several contributes.

Moreover, most of the attention has been focused on, the quadrotor structure.

Some projects are based on commercially available platforms like Draganflyer [1],

X-UFO [2] and MD4-200 [3]. Other researchers prefer instead to build their own

structure. A few examples are the mesicopter, the X4-Flyer and the STARMAC.

There are articles which present hybrid configuration such as structure with

non-symmetric rotation directions or with two directional rotors [4, 5]. A few

other works focus instead on modelling derivation [6, 7] and efficient configura-

tions [8]. Multi-agent task is also an interesting field for VTOL UAV [9].

Even though there are a lot of different topics about the qudrotor structure,

that one on which most of the publications have focused on is the control algo-

rithm. It can be stated that the 85% of the articles propose a control low or

compare the performance of few of them. The most important techniques and

the respective publications are now presented:

The first control is done using Lyapunov Theory [10, 11, 12, 13]. According to

this technique, it is possible to ensure, under certain condition, the asymptotical

stability of the helicopter.
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The second control is provided by PD2 feedback and PID structures [14, 15,

16]. The strength of the PD2 feedback is the exponential convergence property

mainly due to the compensation of the Coriolis and gyroscopic terms. On the

contrary a PID structure does not require some specific model parameters and

the control law is much simpler to implement.

The third control uses adaptive techniques [17, 18]. These methods provide

good performance with parametric uncertainties and unmodeled dynamics.

The fourth control is based on Linear Quadratic Regulator (LQR) [14, 19].

The main advantage of this technique is that the optimal input signal turns out to

be obtainable from full state feedback (by solving the Ricatti equation). On the

other hand the analytical solution to the Ricatti equation is difficult to compute.

The fifth control is done with backstepping control [20, 21, 22]. In the respec-

tive publications the convergence of the qudrotor internal states is guaranteed,

but a lot of computation is reqired.

The sixth control is provided by dynamic feedback [23, 24]. This technique is

implemented in a few quadrotor projects to transform the closed loop part of the

system into a linear, controllable and decoupled subsystem.

The seventh control is based on visual feedback. The camera used for this

purpose can be mounted on-board [25, 26, 27] (fixed on the helicopter) or off-

board [28, 29] (fixed on the ground).

Other control algorithms are done with fuzzy techniques [30], neural networks

[31] and reinforcement learning [32].

The contribution of this thesis lies mainly in four fields:

• accurate dynamic and aerodynamic modelling

• easy and robust control structure

• powerful and interactive simulator

• system identification and design of a real platform



Chapter 3

Quadrotor model & system

In this chapter, the derivation of the quadrotor model is provided. This result

is very important because it describes how the helicopter moves according to its

inputs. Thanks to these equations it is possible to define and predict the positions

reached by the helicopter by investigating just the four motor speeds. The model

equations will be ”inverted” in the next chapter (Control algorithms) to identify

which inputs are needed to reach a certain position.

The first section (3.1: Basic concepts) shows the main idea of the quadro-

tor dynamics and describes intuitively which movements are allowed and how it

manages to perform stationary flight (hovering).

The second section (3.2: Newton-Euler model) provides the model informa-

tion with physics and mathematical derivations. In this work, the Newton-Euler

formalism and the Euler angles theories have been chosen.

In the third section (3.3: DC-motor), additional information was added to

the model taking into account the whole motor system which is composed of the

motor itself, the reduction gears and the propeller.

The last section (3.4: System architecture) provides an overview of the archi-

tecture: connections between devices and abstraction of the software and task.
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3.1 Basic concepts

The quadrotor is very well modeled with a four rotors in a cross configuration.

This cross structure is quite thin and light, however it shows robustness by linking

mechanically the motors (which are heavier than the structure). Each propeller

is connected to the motor through the reduction gears. All the propellers axes

of rotation are fixed and parallel. Furthermore, they have fixed-pitch blades and

their air flows points downwards (to get an upward lift). These considerations

point out that the structure is quite rigid and the only things that can vary are

the propeller speeds.

In this section, neither the motors nor the reduction gears are fundamental

because the movements are directly related just to the propellers velocities. The

others parts will be taken into account in the following sections. Another ne-

glected component is the electronic box. As in the previous case, the electronic

box is not essential to understand how the quadrotor flies. It follows that the

basic model to evaluate the quadrotor movements it is composed just of a thin

cross structure with four propellers on its ends.

The front and the rear propellers rotate counter-clockwise, while the left and

the right ones turn clockwise. This configuration of opposite pairs directions re-

moves the need for a tail rotor (needed instead in the standard helicopter struc-

ture). Figure 3.1 shows the structure model in hovering condition, where all the

propellers have the same speed.

Figure 3.1: Simplified quadrotor motor in hovering

In figure 3.1 a sketch of the quadrotor structure is presented in black. The

fixed-body B-frame is shown in green and in blue is represented the angular speed

of the propellers. In addition to the name of the velocity variable, for each pro-

peller, two arrows are drawn: the curved one represents the direction of rotation,
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the other one represents the velocity. This last vector always points upwards

hence it doesn’t follow the right hand rule (for clockwise rotation) because it also

models a vertical thrust and it would be confusing to have two speed vectors

pointing upwards and the other two pointing downwards.

In the model of figure 3.1 all the propellers rotate at the same (hovering)

speed ΩH [rad s−1] to counterbalance the acceleration due to gravity. Thus, the

quadrotor performs stationary flight and no forces or torques move it from its

position.

Even though the quadrotor has 6 DOF, it is equipped just with four propellers,

hence it is not possible to reach a desired set-point for all the DOF, but at

maximum four. However, thanks to its structure, it is quite easy to chose the

four best controllable variables and to decouple them to make the controller

easier. The four quadrotor targets are thus related to the four basic movements

which allow the helicopter to reach a certain height and attitude. It follows the

description of these basic movements:

• Throttle (U1 [N ])

This command is provided by increasing (or decreasing) all the propeller

speeds by the same amount. It leads to a vertical force WRT body-fixed

frame which raises or lowers the quadrotor. If the helicopter is in horizontal

position, the vertical direction of the inertial frame and that one of the

body-fixed frame coincide. Otherwise the provided thrust generates both

vertical and horizontal accelerations in the inertial frame. Figure 3.2 shows

the throttle command on a quadrotor sketch.

Figure 3.2: Throttle movement
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In blue it is specified the speed of the propellers which, in this case, is

equal to ΩH + ∆A for each one. ∆A [rad s−1] is a positive variable which

represents an increment respect of the constant ΩH . ∆A can’t be too large

because the model would eventually be influenced by strong non linearities

or saturations.

• Roll (U2 [N m])

This command is provided by increasing (or decreasing) the left propeller

speed and by decreasing (or increasing) the right one. It leads to a torque

with respect to the xB axis which makes the quadrotor turn. The overall

vertical thrust is the same as in hovering, hence this command leads only

to a roll angle acceleration (in first approximation). Figure 3.3 shows the

roll command on a quadrotor sketch.

Figure 3.3: Roll movement

The positive variables ∆A and ∆B [rad s−1] are chosen to maintain the

vertical thrust unchanged. It can be demonstrated that for small values

of ∆A, ∆B ≈ ∆A. As in the previous case, they can’t be too large be-

cause the model would eventually be influenced by strong non linearities or

saturations.

• Pitch (U3 [N m])

This command is very similar to the roll and is provided by increasing (or

decreasing) the rear propeller speed and by decreasing (or increasing) the

front one. It leads to a torque with respect to the yB axis which makes the

quadrotor turn. The overall vertical thrust is the same as in hovering, hence

this command leads only to a pitch angle acceleration (in first approxima-

tion). Figure 3.4 shows the pitch command on a quadrotor sketch. As in
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Figure 3.4: Pitch movement

the previous case, the positive variables ∆A and ∆B are chosen to maintain

the vertical thrust unchanged and they can’t be too large. Furthermore, for

small values of ∆A, it occurs ∆B ≈ ∆A.

• Yaw (U4 [N m])

This command is provided by increasing (or decreasing) the front-rear pro-

pellers’ speed and by decreasing (or increasing) that of the left-right couple.

It leads to a torque with respect to the zB axis which makes the quadrotor

turn. The yaw movement is generated thanks to the fact that the left-right

propellers rotate clockwise while the front-rear ones rotate counterclockwise.

Hence, when the overall torque is unbalanced, the helicopter turns on itself

around zB. The total vertical thrust is the same as in hovering, hence this

command leads only to a yaw angle acceleration (in first approximation).

Figure 3.5 shows the yaw command on a quadrotor sketch. As in the pre-

Figure 3.5: Yaw movement

vious two cases, the positive variables ∆A and ∆B are chosen to maintain

the vertical thrust unchanged and they can’t be too large. Furthermore it

maintains the equivalence ∆B ≈ ∆A for small values of ∆A.
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3.2 Newton-Euler model

This section provides the specific model information of the quadrotor archi-

tecture starting from the generic 6 DOF rigid-body equation derived with the

Newton-Euler formalism in appendix A.

Two frames have to be defined:

• the earth inertial frame (E-frame)

• the body-fixed frame (B-frame)

The equations of motion are more conveniently formulated in the body-fixed

frame because of the following reasons [33]:

• The inertia matrix is time-invariant.

• Advantage of body symmetry can be taken to simplify the equations.

• Measurements taken on-board are easily converted to body-fixed frame.

• Control forces are almost always given in body-fixed frame.

Equation (3.1) describes the kinematics of a generic 6 DOF rigid-body.

ξ̇ = JΘ ν (3.1)

where ξ̇ [+] is the generalized velocity vector WRT E-frame, ν [+] is the

generalized velocity vector WRT B-frame and JΘ [−] is the generalized matrix.

ξ [+] is composed of the quadrotor linear ΓE [m] and angular ΘE [rad] position

vectors WRT E-frame as shown in equation (3.2).

ξ =
[
ΓE ΘE

]T
=
[
X Y Z φ θ ψ

]T
(3.2)
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Similarly, ν [+] is composed of the quadrotor linear V B [m s−1] and angular

ωB [rad s−1] velocity vectors WRT B-frame as shown in equation (3.3).

ν =
[
V B ωB

]T
=
[
u v w p q r

]T
(3.3)

In addition, the generalized matrix JΘ is composed of 4 sub-matrix according

to equation (3.4).

JΘ =

[
RΘ 03×3

03×3 TΘ

]
(3.4)

The notation 03×3 means a sub-matrix with dimension 3 times 3 filled with

all zeros while the rotation RΘ [−] and the transfer TΘ [−] matrices are defined

according to equations (3.5) and (3.6).

RΘ =

cψcθ −sψcφ + cψsθsφ sψsφ + cψsθcφ

sψcθ cψcφ + sψsθsφ −cψsφ + sψsθcφ

−sθ cθsφ cθcφ

 (3.5)

TΘ =

1 sφtθ cφtθ

0 cφ −sφ
0 sφ/cθ cφ/cθ

 (3.6)

In the previous two equations (and in the following) this notation has been

adopted: ck = cos k, sk = sin k, tk = tan k.

The dynamics of a generic 6 DOF rigid-body takes into account the mass of

the body m [kg] and its inertia matrix I [N m s2]. I is calculated in this work

according to appendix D. The dynamics is described by equation (3.7).[
m I3×3 03×3

03×3 I

] [
V̇ B

ω̇B

]
+

[
ωB ×

(
m V B

)
ωB ×

(
I ωB

) ] =

[
FB

τB

]
(3.7)

Where the notation I3×3 means a 3 times 3 identity matrix. V̇ B [m s−2] is

the quadrotor linear acceleration vector WRT B-frame while ω̇B [rad s−2] is the

quadrotor angular acceleration vector WRT B-frame. In addition, FB [N ] is the

quadrotor forces vector WRT B-frame and τB [N m] is the quadrotor torques

vector WRT B-frame.



14 Chapter 3. Quadrotor model & system

Two assumptions have been done in this approach:

• The first one states that the origin of the body-fixed frame oB is coincident

with the center of mass (COM) of the body. Otherwise, another point

(COM) should have been taken into account and it would have considerably

complicated the body equations.

• The second one specifies that the axes of the B-frame coincide with the

body principal axes of inertia. In this case the inertia matrix I is diagonal

and, once again, the body equations become easier.

A generalized force vector Λ can be defined according to equation (3.8).

Λ =
[
FB τB

]T
=
[
Fx Fy Fz τx τy τz

]T
(3.8)

Therefore it is possible to rewrite equation (3.7) in a matrix form [33].

MB ν̇ + CB(ν) ν = Λ (3.9)

Where ν̇ is the generalized acceleration vector WRT B-frame. MB [+] is

the system inertia matrix and CB(ν) [+] is the Coriolis-centripetal matrix, both

WRT B-frame. Equation (3.10) shows the system inertia matrix.

MB =

[
m I3×3 03×3

03×3 I

]
=



m 0 0 0 0 0

0 m 0 0 0 0

0 0 m 0 0 0

0 0 0 IXX 0 0

0 0 0 0 IY Y 0

0 0 0 0 0 IZZ


(3.10)

It’s easy to see that MB is diagonal and constant (thanks to the assumptions

made above). Equation (3.11) shows the Coriolis-centripetal matrix.

CB(ν) =

[
03×3 −m S(V B)

03×3 −S(I ωB)

]
=



0 0 0 0 m w −m v

0 0 0 −m w 0 m u

0 0 0 m v −m u 0

0 0 0 0 IZZ r −IY Y q

0 0 0 −IZZ r 0 IXX p

0 0 0 IY Y q −IXX p 0


(3.11)
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In the previous equation the skew-symmetric operator S(·) [+] has been

adopted. For a generic three dimension vector k [−], the skew-symmetric matrix

of k (S(k)) is defined according to equation (3.12).

S(k) = −ST (k) =

 0 −k3 k1

k3 0 −k1

−k2 k1 0

 k =

k1

k2

k3

 (3.12)

Equation (3.9) is totally generic and is valid for all the rigid body which obeys

to the hypothesis (or simplifications) previously made. However, it was used in

this work to model the quadrotor helicopter, hence the last vector contains specific

information about its dynamics. Λ can be divided in three components according

to the nature of the quadrotor contributions.

The first contribution is the gravitational vector GB(ξ) [+] given from the

acceleration due to gravity g [m s−2]. It’s easy to understand that it affects

just the linear and not the angular equations since it’s a force and not a torque.

Equation (3.13) shows the transformations to get GB(ξ).

GB(ξ) =

[
FB
G

03×1

]
=

[
R−1

Θ F E
G

03×1

]
=

RT
Θ

 0

0

−m g


03×1

 =



m g sθ

−m g cθsφ

−m g cθsφ

0

0

0


(3.13)

Where FB
G [N ] is the gravitational force vector WRT B-frame and F E

G [N ]

is that one WRT E-frame. 03×1 [−] is a vertical vector filled with three zeros.

Furthermore, since RΘ is an orthogonal normalized matrix, its inverted R−1
Θ is

equal to the transposed one RT
Θ.
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The second contribution takes into account the gyroscopic effects produced

by the propeller rotation. Since two of them are rotating clockwise and the other

two counterclockwise, there is a overall imbalance when the algebraic sum of the

rotor speeds is not equal to zero. If, in addition, the roll or pitch rates are also

different than zero, the quadrotor experiences a gyroscopic torque according to

equation (3.14).

OB(ν) Ω =


03×1

−
4∑

k=1

JTP

ωB ×

0

0

1


 (−1)kΩk

 =

=


03×1

JTP

−qp
0

Ω

 = JTP



0 0 0 0

0 0 0 0

0 0 0 0

q −q q −q
−p p −p p

0 0 0 0


Ω (3.14)

OB(ν) [+] is the gyroscopic propeller matrix and JTP [N m s2] is the total

rotational moment of inertia around the propeller axis calculated in the next

section. It’s easy to see that the gyroscopic effects produced by the propeller

rotation are just related to the angular and not the linear equations.

Equation (3.15) defines the overall propellers’ speed Ω [rad s−1] and the pro-

pellers’ speed vector Ω [rad s−1] used in equation (3.14).

Ω = −Ω1 + Ω2 − Ω3 + Ω4 Ω =


Ω1

Ω2

Ω3

Ω4

 (3.15)

Where Ω1 [rad s−1] is the front propeller speed, Ω2 [rad s−1] is the right

propeller speed, Ω3 [rad s−1] is the rear propeller speed. Ω4 [rad s−1] is the left

propeller speed.
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The third contribution takes into account the forces and torques directly pro-

duced by the main movement inputs. From aerodynamics consideration, it follows

that both forces and torques are proportional to the squared propellers’ speed.

Therefore the movement matrix EB [+] is multiplied by Ω2 to get the move-

ment vector UB(Ω) [+]. The derivation of the aerodynamic contributions (thrust

b [N s2] and drag d [N m s2] factors) is treated in deep in Appendix C.

Equation (3.16) shows the action of the movement vector on the quadrotor

helicopter dynamics.

UB(Ω) = EB Ω2 =



0

0

U1

U2

U3

U4


=



0

0

b (Ω 2
1 + Ω 2

2 + Ω 2
3 + Ω 2

4 )

b l (Ω 2
4 − Ω 2

2 )

b l (Ω 2
3 − Ω 1

1 )

d (Ω 2
2 + Ω 2

4 − Ω 2
1 − Ω 2

3 )


(3.16)

Where l [m] is the distance between the center of the quadrotor and the

center of a propeller. U1, U2, U3 and U4 are the movement vector components

introduced in the previous section. Their relation with the propellers’ speeds

comes from aerodynamic calculus (see appendix C). The expression of the torque

produced by U4 has been simplified by neglecting its Ω̇ component. Therefore all

the movements have a similar expression and are easier to control.

As stated before (and shown in the previous equation), it is possible to iden-

tify a constant matrix EB which multiplied by the squared propellers’ speed Ω2

produces the movement vector UB(Ω). Equation (3.17) shows the movement

matrix.

EB =



0 0 0 0

0 0 0 0

b b b b

0 −b l 0 b l

−b l 0 b l 0

−d d −d d


(3.17)
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From equation (3.9) it is possible to describe the quadrotor dynamics consid-

ering these last three contributions according to equation (3.18).

MB ν̇ + CB(ν) ν = GB(ξ) + OB(ν) Ω + EB Ω2 (3.18)

By rearranging equation (3.18) it is possible to isolate the derivate of the

generalized velocity vector WRT B-frame ν̇.

ν̇ = M −1
B

(
−CB(ν) ν + GB(ξ) + OB(ν) Ω + EB Ω2

)
(3.19)

Equation (3.20) shows the previous expression not in a matrix form, but in a

system of equations.



u̇ = (v r − w q) + g sθ

v̇ = (w p− u r)− g cθsφ

ẇ = (u q − v p)− g cθsφ +
U1

m

ṗ =
IY Y − IZZ

IXX
q r − JTP

IXX
q Ω +

U2

IXX

q̇ =
IZZ − IXX

IY Y
p r +

JTP
IY Y

p Ω +
U3

IY Y

ṙ =
IXX − IY Y

IZZ
p q +

U4

IZZ

(3.20)

Where the propellers’ speed inputs are given through equation (3.21).



U1 = b (Ω 2
1 + Ω 2

2 + Ω 2
3 + Ω 2

4 )

U2 = l b (−Ω 2
2 + Ω 2

4 )

U3 = l b (−Ω 2
1 + Ω 2

3 )

U4 = d (−Ω 2
1 + Ω 2

2 − Ω 2
3 + Ω 2

4 )

Ω = −Ω1 + Ω2 − Ω3 + Ω4

(3.21)
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The quadrotor dynamic system in equation (3.20) is written in the body-

fixed frame. As stated before, this reference is widely used in 6 DOF rigid-

body equations. However in this case it can be useful to express the dynamics

with respect to a hybrid system composed of linear equations WRT E-frame

and angular equations WTR B-frame. Therefore the following equations will

be expressed in the new ”hybrid” frame called H-frame. This new reference is

adopted because it’s easy to express the dynamics combined with the control (in

particular for the vertical position in the earth inertial frame). Equation (3.22)

shows the quadrotor generalized velocity vector WRT H-frame (ζ [+]).

ζ =
[
Γ̇E ωB

]T
=
[
Ẋ Ẏ Ż p q r

]T
(3.22)

The dynamics of the system in the H-frame can be rewritten in a matrix form

according to equation (3.23).

MH ζ̇ + CH(ζ) ζ = GH + OH(ζ) Ω + EH(ξ) Ω2 (3.23)

Where ζ̇ [+] is the quadrotor generalized acceleration vector WRT H-frame.

It now follows the definitions of all the matrices and vectors used in equation

(3.23). The system inertia matrix WRT H-frame MH [+] is equal to that one

WRT B-frame and defined according to equations (3.10) and (3.24).

MH = MB =

[
m I3×3 03×3

03×3 I

]
=



m 0 0 0 0 0

0 m 0 0 0 0

0 0 m 0 0 0

0 0 0 IXX 0 0

0 0 0 0 IY Y 0

0 0 0 0 0 IZZ


(3.24)

On the contrary, the Coriolis-centripetal matrix WRT H-frame CH(ζ) [+] is

not equal to that one WRT B-frame and defined according to equation (3.25).
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CH(ζ) =

[
03×3 03×3

03×3 −S(I ωB)

]
=



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 IZZ r −IY Y q

0 0 0 −IZZ r 0 IXX p

0 0 0 IY Y q −IXX p 0


(3.25)

The gravitational vector WRT H-frame GH [+] is defined in equation (3.26).

It can be seen that it affects all the three linear equations instead of just the third

as in the previous case.

GH =

[
F E
G

03×1

]
=



0

0

−m g

0

0

0


(3.26)

The gyroscopic effects produced by the propeller rotation is unvaried because it

affects only the angular equations referred to the B-frame. Then, the gyroscopic

propeller matrix WRT H-frame OH(ζ) [+] is defined according to equations

(3.14) and (3.27).

OH(ζ) Ω = OB(ν) Ω =


03×1

JTP

−qp
0

Ω

 = JTP



0 0 0 0

0 0 0 0

0 0 0 0

q −q q −q
−p p −p p

0 0 0 0


Ω (3.27)

The movement matrix WRT H-frame EH(ξ) [+] is different from that one in

the B-frame because the input U1 affects all the three linear equations through

the rotation matrix Rθ. The product between the movement matrix and the

squared propellers’ speed vector is shown in equation (3.28).
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EH(ξ) Ω2 =

[
RΘ 03×3

03×3 I3×3

]
EB Ω2 =



(sψsφ + cψsθcφ) U1

(−cψsφ + sψsθcφ) U1

(cθcφ) U1

U2

U3

U4


(3.28)

By rearranging equation (3.23) it is possible to isolate the derivate of the

generalized velocity vector WRT H-frame ζ̇ [+].

ζ̇ = M −1
H

(
−CH(ζ) ζ + GH + OH(ζ) Ω + EH(ξ) Ω2

)
(3.29)

Equation (3.30) shows the previous expression not in a matrix form, but in a

system of equations.



Ẍ = (sinψ sinφ+ cosψ sin θ cosφ)
U1

m

Ÿ = (− cosψ sinφ+ sinψ sin θ cosφ)
U1

m

Z̈ = −g + (cos θ cosφ)
U1

m

ṗ =
IY Y − IZZ

IXX
q r − JTP

IXX
q Ω +

U2

IXX

q̇ =
IZZ − IXX

IY Y
p r +

JTP
IY Y

p Ω +
U3

IY Y

ṙ =
IXX − IY Y

IZZ
p q +

U4

IZZ

(3.30)

Where the propellers’ speed inputs are the same as in the system WRT B-

frame and given through equation (3.21).

The system in equation (3.30) will be simplified and widely used in the Control

algorithms chapter. Furthermore the angular equations will be related to angular

fixed references through the kinematic equation (3.1).



22 Chapter 3. Quadrotor model & system

3.3 DC-motor

The DC-motor is an actuator which converts electrical energy into mechanical

energy (and vice versa). It is composed of two interactive electromagnetic cir-

cuits. The first one (called rotor) is free to rotate around the second one (called

stator) which is fixed instead. In the rotor, several groups of copper windings

are connected in series and are externally accessible thanks to a device called

commutator. In the stator, two or more permanent magnets impose a magnetic

field which affects the rotor. By applying a DC-current flow into the windings,

the rotor turns because of the force generated by the electrical and magnetic in-

teraction. Thanks to the rotor and the commutator geometries, the motor keeps

turning while supplied by a DC-voltage on its terminals. These are just a few

basic concepts to understand the following section, for more information please

refer to [34].

The DC-motor has a well known model which binds electrical and mechanical

quantities. This model is composed of the series of a resistor R [Ω] , an inductor

L [H] and a voltage generator e [V ]. The resistor represents the Joule loss due

to the current flow into the copper conductor. Its value depends on geometric

and material characteristics such as wire resistivity, length and section. The

inductor behavior derives from the shape of the motor wires which are winded

in the middle of the rotor. Lastly, the generator e (called also BEMF) supplies a

voltage proportional to the motor speed. The model is represented in figure 3.6.

Figure 3.6: Motor model

The circuit of the DC-motor is controlled by a real voltage generator v [V ]

which gives the control input. In theory, another resistor should be added in

series of the voltage generator representing the driver losses. However, in a good

project, the generator losses are kept low therefore it is possible to neglect them

in the model. The basic electrical circuit is shown in figure 3.7.
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Figure 3.7: Motor circuit

By applying the Kirchhoff’s voltage law, it follows equation (3.31).

v = vR + vL + e (3.31)

Where vR [V ] is the voltage across the resistor R and vL [V ] is the voltage

across the inductor L. Equation (3.31) can be rewritten as in the next equation.

v = R i+ L
∂i

∂t
+KE ωM (3.32)

i [A] is the motor current, KE [V s rad−1] is called the motor constant and

ωM [rad s−1] is the motor angular speed. The first addend has been changed

using the Ohm’s law vR = R i, while the second one using the inductor differential

equation vL = L ∂i
∂t

. The last member of equation (3.32) shows that mechanics

and electrics are correlated.

The contribution of the inductor part is important to determine the char-

acteristic of the DC-motor driver. However is often neglected in the mechanics

computation because of three main aspects:

• Most of the motors used in robotics show small inductance thanks to con-

struction optimization.

• The pole (response time) of the electrical part is always much faster than the

mechanic one, therefore the speed of the overall system will be determined

just by the slowest contribution.

• It’s much easier to solve a first order differential equation rather than a

second order one.
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For all these reasons the inductor effect was neglected in this work too. There-

fore equation (3.32) can be simplified according to equation (3.33).

v = R i+KE ωM (3.33)

The dynamics of the motor is described by the following equation.

JTM ω̇M = TM − TL (3.34)

Where JTM [N m s2] is the total motor moment of inertia, ω̇M [rad s−2] is

the motor angular acceleration, TM [N m] is the motor torque and TL [N m]

is the load torque. Equation (3.34) states that when the motor torque TM and

the load torque TL are not equal, there is an acceleration (or deceleration) of the

motor angular speed ωM . This variation of speed depends also on the total motor

moment of inertia JTM : the smaller the value of JTM , the higher the acceleration.

Figure 3.8 shows a sketch of the simplified mechanic structure.

Figure 3.8: Simplified motor system

The motor torque TM is proportional to the electrical current i through

KM [N m A−1]: TM = KM i. Hence equation (3.34) can be rewritten according

to equation (3.35).

JTM ω̇M = KM i− TL (3.35)

By connecting equations (3.33) and (3.35) a differential equation in ωM can

be derived.

JTM ω̇M = −KE KM

R
ωM − TL +

KM

R
v (3.36)

It must be pointed out that the two constants KE and KM have the same

value even though the units of measurement differ. This mismatch comes from

the electric PE [W ] and mechanic PM [N m s−1] power balance.
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PE = PM

{
PE = e i = KE i ωM

PM = TM ωM = KM i ωM

}
⇒ KE = KM (3.37)

The real motor system is composed of the motor itself, the gear box and the

propeller. A few equations must be added to take into account these connections.

Figure 3.9 shows the structural system.

Figure 3.9: Motor system

In figure 3.9 several variables have been introduced: JM [N m s2] is the rotor

moment of inertia around the motor axis, JP [N m s2] is the rotor moment of

inertia around the propeller axis, ωP [rad s−1] is the propeller angular speed,

TPM [N m] is the propeller torque in the motor axis, TP [N m] is the propeller

torque and TMP
[N m] is the motor torque in the propeller axis.

The gear box has a reduction ratio N [−] equal to the motor speed ωm divided

by the propeller speed ωp: N = ωM
ωP

. N can be also calculated as the ratio of the

number of teeth of the propeller gear to the number of teeth of the motor gear.

Another parameter of the gear box is the conversion efficiency η [−] which binds

the mechanical power of the motor axis PM to the propeller axis one PP [N m s−1].

PM η = PP

ωM TPM η = ωP TMP
(3.38)

Therefore, it is possible to calculate the dynamics of the gear box system

according to the following steps.

JM ω̇M = TM − TPM (3.39)

JP ω̇P = TMP
− TP (3.40)
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Where ω̇P [rad s−2] is the propeller angular acceleration. Equation (3.38) can

be rewritten (taking into account equations (3.39) and (3.40)) as follows.

ωM (TM − JM ω̇M) η = ωP (TP + JP ω̇P )
...(

JM +
JP
η N2

)
ωM = TM −

TP
η N

(3.41)

In equation (3.41) the following two substitutions were done.

ω̇P =
ωP
ωM

ω̇M and
ωM
ωP

= N

Equation (3.41) is very important because it has the same structure of equa-

tion (3.34). Comparing the two equations, the real values of the load torque TL

and the total motor moment of inertia JTM can be derived according to equations

(3.42) and (3.43).

TL =
TP
η N

(3.42)

JTM = JM +
JP
η N2

(3.43)

The parameters in equations (3.42) and (3.43) can be calculated by geomet-

ric, dynamic and aerodynamic evaluation of the mechanic structure. Detailed

analysis is reported in chapter 6; section Geometry and aerodynamics derivation

6.3 regarding equation (3.42) and section Geometry and dynamics derivation 6.2

regarding equation (3.43).

Equation (3.44) follows from aerodynamic calculus (see appendix C).

TP = d ω2
P =

d ω2
M

N2
(3.44)

Where d [N m s2] is the aerodynamic drag factor. From equations (3.42) and

(3.44) the final load torque expression can be derived.

TL =
d ω2

M

η N3
(3.45)

Equations (3.36) can be rewritten according to equations (3.43) and (3.45).(
JM +

JP
η N2

)
ω̇M = −KE KM

R
ωM −

d

η N3
ω 2
M +

KM

R
v (3.46)
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All these previous equations can be reformulated with reference to the pro-

peller axis (and not the motor one). Therefore the motor system can be also

modeled with the following differential equation.(
JP + η N2 JM

)
ω̇P = −KE KM

R
η N2 ωP − d ω 2

P +
KM

R
η N v (3.47)

Where the ω̇P coefficient is the total rotational moment of inertia around the

propeller axis (JTP [N m s2]) as shown in equation (3.48).

JTP = JP + η N2 JM (3.48)

Since the differential equation equation (3.47) is non linear, a good approach

is to linearize it around its working point. The first order Taylor series method

has been adopted to derive equation (3.49).

ω̇P = AP ωP +BP v + CP (3.49)

In the previous equation AP [rad s−1] is the linearized propeller’s speed

coefficient, BP [rad2 s−2 V −1] is the linearized input voltage coefficient and

CP [rad2 s−2] is the linearized constant coefficient. Their values are defined

according to equations (3.50), (3.51) and (3.52).

AP =
∂ ω̇P
∂ωP

∣∣∣∣
ωP = ωH

= −KE KM η N2

JTP R
− 2 d

JTP
ωH = −22.5 [rad s−1](3.50)

BP =
∂ ω̇P
∂v

∣∣∣∣
ωP = ωH

=
KM η N

JTP R
= 509 [rad2 s−2 V −1] (3.51)

CP = (ω̇P − (AP ωP +BP v))

∣∣∣∣
ωP = ωH

=
d

JTP
ω 2
H = 489 [rad2 s−2] (3.52)

Therefore, with just these three parameters it is possible to describe the dy-

namics of all the four motors systems. Equation (3.53) shows the differential

equation in a matrix form.

Ω̇ = AP Ω +BP v + CP (3.53)

Where Ω [rad s−1] is the propellers’ speed vector, Ω̇ [rad s−2] is the propellers’

acceleration vector and v [V ] is the inputs’ voltage vector.

This last equation will be used in more detail in the next chapter.
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3.4 System architecture

This last section provide an overview of the architecture presenting the devices

and their connections.

The quadrotor structure is equipped with a RF receiver, a STR730 Micro

Controller Unit (MCU), four motor’s power boards and several sensors to provide

a stable autonomous system. A general block diagram of the architecture is

provided by figure 3.10.

Figure 3.10: Control architecture

The task block represents the goal of the quadrotor. It can be burned in

the MCU’s ROM or provided by the user through a wireless communication. In

the first case the robot will behave to follow its (fixed) high level task and no

external communication is required. In the second case, the task can be changed

by the user. This configuration is more flexible and is the one implemented in

this work. The interface between the user and the quadrotor is fulfilled by a

Remote Controller (RC) equipped with a RF transmitter which sends the task

information to a RF receiver mounted on the quadrotor.

The high level controller block represents an algorithm on the MCU which

provide the mapping, the trajectory planning and the obstacle avoidance. Its

task is not to stabilize the quadrotor, but to make it navigate with safety. From

figure 3.10 it shows that the input of this block is not only the task, but also

the GPS and the SONAR & IR. With this information the algorithm is able to
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provide a trajectory, send the references to the low level controller and verify the

progress of the motion through the sensors in feedback. In this work, the task

is directly given in a low level format, therefore this block is not implemented.

However it can be added in future through software upgrades.

Even the low level controller block represents an algorithm on the MCU,

but its purpose is to stabilize the quadrotor. This program is also indirectly

composed of the description of the dynamics of the robot. Hence it is possible to

define a control law which bind the motors’ inputs to the quadrotor linear and

angular position. Two control laws have been investigated as shown in the next

chapter. Furthermore the dynamics of the motors has been taken into account and

a proportional-integral controller was developed to provide a specific propeller’s

speed from its voltage input. The inputs of this block are the high level controller,

the Inertial Measurement Unit (IMU) and the SONAR & IR blocks. Through the

sensors it is possible to have a feedback on the position and provide autonomous

stabilization.

The motors block is composed of the motor’s power boards and the motor-

propeller systems. The power boards are essential to supply the voltage and

current needed by the motor. It also provide a current feedback to a MCU’s

ADC to observe the state of the motor. This circuit is analyzed in chapter 8.

The motor-propeller system was instead presented in the previous section. It

can be stated that the motors block binds the MCU algorithms to the quadrotor

dynamics through electronics and mechanics components.

The dynamics block represents how the quadrotor behave by varying the pro-

pellers’ speeds. Its parameters can not be changed (in first approximation) be-

cause they are referred to the physical structure. It is ruled by equation (3.30)

in section 3.2 and equation (3.47) in section 3.3. It is very important to model

the quadrotor with high accuracy because all the model parameters are used in

the low level controller to provide a good control. Therefore, a detailed work of

constant identification has been done and reported in chapter 6.
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The IMU block represents the physical device which provides information

about the quadrotor’s attitude and heading. It is composed of three accelerom-

eters, three magnetometers, three gyroscopes, a barometer and a temperature

sensor. Thanks to all these components, the IMU calculates the roll-pitch-yaw

angles (φ, θ, ψ defined in section 3.2) and it sends them to a MCU’s UART.

The communication is provided through a digital RS-232 interface. Furthermore,

thanks to the three gyroscopes, it is possible to have a feedback about the quadro-

tor’s angular speeds in the fixed-body frame (p, q, r defined in section 3.2). The

IMU is therefore an essential device for UAVs. Its capabilities and interfaces are

shown, with a higher level of detail, in chapter 7.

The GPS block represents the device which provides information about the

quadrotor’s global position. It is physically built in the IMU, but its information

is not provided by inertial sensors. The GPS has a position accuracy of about

10 meters, hence it is not used in the low level controller because the error is

too large. Furthermore the GPS doesn’t work properly in indoor applications.

However it can be connected to the high level controller as a feedback for the

desired outdoor global trajectory.

The SONAR & IR block represents the devices involved to estimate the dis-

tance from the quadrotor to an obstacle in a certain direction. Two different

systems have been mounted: the SONAR and the IR module. The SONAR de-

tect the distance of an obstacle thanks to ultrasound waves. It’s beam width is

quite wide: 55 degrees. Furthermore the SONAR is mounted on a PCB which

provide an I2C digital communication to the MCU. The IR module uses instead

light waves and has a narrower beam. It is also mounted on a PCB, but it is

connected to the MCU thanks to a MCU’s ADC since the information is analog.

These devices are used to estimate the height of the quadrotor from the ground

and to provide information on the availability of the space around itself. Modules’

performance and communications are shown in chapter 7.



Chapter 4

Control algorithms

The control algorithms tested in this work are presented in this chapter. The

first stage tests were performed on the Matlab simulated model where it was easy

to evaluate the performance with a mathematical approach. The second stage

tests were carried out on the quadrotor platform to evaluate the behavior of the

real system. This chapter is strictly connected with the previous one (3), because

it analyzes the quadrotor model and tries to ”invert” it to reach a certain attitude

and height.

The first section (4.1: Control modelling) shows the basic quadrotor model

simplifications. These must be done to be able to use an easier controller and to

lower the algorithm complexity. In addition, thanks to the parameters determined

in chapter 6 (Identification of the constants), further reductions were possible in

the control chain.

The second section (4.2: PID techniques) introduces the PID theory and

its strengths. After that it shows and explains in detail the four inner control

diagrams. Their goal is to determine the basic movement signals from attitude

and height data (sensors) and from task references (remote controller). According

to the controlled variable, an enhanced PID structure has been implemented.
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4.1 Control modelling

The dynamics of the quadrotor is well described in the previous chapter.

However the most important concepts can be summarized in equations (4.1),

(4.2) and (4.3). The first one shows how the quadrotor accelerates according to

the basic movement commands given.

Ẍ = (sinψ sinφ+ cosψ sin θ cosφ)
U1

m

Ÿ = (− cosψ sinφ+ sinψ sin θ cosφ)
U1

m

Z̈ = −g + (cos θ cosφ)
U1

m

ṗ =
IY Y − IZZ

IXX
q r − JTP

IXX
q Ω +

U2

IXX

q̇ =
IZZ − IXX

IY Y
p r +

JTP
IY Y

p Ω +
U3

IY Y

ṙ =
IXX − IY Y

IZZ
p q +

U4

IZZ

(4.1)

The second system of equations explains how the basic movements are related

to the propellers’ squared speed.

U1 = b (Ω 2
1 + Ω 2

2 + Ω 2
3 + Ω 2

4 )

U2 = l b (−Ω 2
2 + Ω 2

4 )

U3 = l b (−Ω 2
1 + Ω 2

3 )

U4 = d (−Ω 2
1 + Ω 2

2 − Ω 2
3 + Ω 2

4 )

Ω = −Ω1 + Ω2 − Ω3 + Ω4

(4.2)

The third equation takes into accounts the motors dynamics and shows the

relation between propellers’ speed and motors’ voltage.(
JP + η N2 JM

)
Ω̇ = −KE KM

R
η N2 Ω− d Ω2 +

KM

R
η N v (4.3)

With this approach it is possible (in theory) to determine the quadrotor po-

sition by double integrating its accelerations (linear and angular). To do this

operation, just the internal state and the four motor voltages must be managed.

This process is also known as direct kinematics and direct dynamics.
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The goal of the quadrotor stabilization is to find those value of the motors’

voltage which maintains the helicopter in a certain position required in the task.

This process is also known as inverse kinematics and inverse dynamics. Unlike

the direct ones, the inverses operations are not always possible and not always

unique. For these reasons their consideration is much more complicated.

The quadrotor dynamics must be simplified a lot to provide an easy inverse

model which can be implemented in the control algorithms. Equation (4.1) can

be rearranged according three considerations:

• The angular contributes are quite complex because several variables have

been taken into account. Most of those come from cross coupling of angular

speeds (gyroscopic effects and Coriolis-centripetal form). Since the motion

of the quadrotor can be assumed close to the hovering condition, small

angular changes occur (especially for roll and pitch). It follows that these

terms can be simplified because smaller than the main ones.

• The angular accelerations are referred to the angles of the quadrotor mea-

sured in its fixed frame. They are not equal to the acceleration of the

Euler angles which determines the attitude in the earth frame. The transfer

matrix TΘ (reported in equation (A.14)) defines the relation between the

angular velocities in the earth frame and those ones in the body-fixed frame.

Since in hovering condition it is close to the identity matrix, the acceleration

equations have been referred directly to the Euler angle accelerations.

• The whole control algorithm is used to give the right signals to the propellers.

Since they are four, no more than four variables can be controlled in the

loop. From the beginning of the project, it has been decided to stabilize

attitude (Euler angles) and height. According to this choice, the equations

which describe the X and Y position have been deleted.

Equation (4.4) shows the quadrotor dynamics used in the control.

Z̈ = −g + (cos θ cosφ)
U1

m

φ̈ =
U2

IXX

θ̈ =
U3

IY Y

ψ̈ =
U4

IZZ

(4.4)
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The control algorithm receives, as inputs, the data from the sensors and from

the task. During the computation it uses a lot of constants and variables which

describe the dynamics and the quadrotor states. The output of the algorithm is

the code which determine the PWM signal of the four motors. The controller can

be divided in four components according to figure 4.1.

Figure 4.1: Control block diagram

• ”INNER CONTROL ALGORITHMS” represents the core of the control al-

gorithms. It processes the task and the sensors data and provides a signal

for each basic movements which balances the position error. Equation (4.4)

is used in this block to transfer an acceleration command to a basic move-

ment one. The control rules used to estimate the acceleration commands are

PID techniques. The implementation of this block will be explained with

better accuracy in the next section.

• ”INVERTED MOVEMENTS MATRIX” is the second block in the control

chain. It is used to compute the propellers’ squared speed from the four

basic movement signals. Since the determinant of the movement matrix is

different than zero, it can be inverted to find the relation U to Ω2. The

block computation is shown in equation (4.5).

Ω 2
1 = 1

4 b
U1 − 1

2 b l
U3 − 1

4 d
U4

Ω 2
2 = 1

4 b
U1 − 1

2 b l
U2 + 1

4 d
U4

Ω 2
3 = 1

4 b
U1 + 1

2 b l
U3 − 1

4 d
U4

Ω 2
4 = 1

4 b
U1 + 1

2 b l
U2 + 1

4 d
U4

(4.5)
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• ”MOTOR LINEARIZED DYNAMICS” is the third block in the control

chain. The motor dynamics is a non linear differential equation represented

in equation (4.3). Several approaches can be followed in this block.

The first one is simply to solve numerically the equation to obtain the right

voltage values.

The second one is to linearize the equation to reduce the computation (in

comparison with the previous option). The linearized method is discussed

with a higher level of detail in the section DC-motor of chapter 3.

The third method is to characterize experimentally the motor behavior and

use the deduced relation. This method is discussed instead in the section

Experimental data extrapolation of chapter 6.

This third method has been adopted because of its simplicity and the cer-

tainty of the model description. Even though the relation Ω2 to v shows a

first order (one pole) transfer function, it has been decided to characterize

it just with a DC gain to reduce even further the complexity. This radical

simplification is however not that influent because of the strength of the

closed loop performance.

• ”HARDWARE DEPENDENT SCALING” is the last block in the control

chain. It process the inputs voltage vector (v) and provide the PWM code

vector (h) to the hardware. The control algorithm before this block doesn’t

take into account the battery voltage. This variable is instead very impor-

tant to determine the right commands. Therefore a scaling must be added

to consider the voltage.

Furthermore this block is used to avoid distortion in case of saturation. This

means that if the required voltage is above the battery one, the algorithms

gives priority to the attitude over the height. Without this operations an

undesired behavior can occur.
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4.2 PID techniques

In the industrial area the most used liner regulators are surely the PID. The

reasons of this success are mainly three [35]:

• simple structure,

• good performance for several processes,

• tunable even without a specific model of the controlled system.

In robotics, PID technique represents the basics of control. Even though a lot of

different algorithms provide better performance than PID, this last structure is

often chosen for the reasons expressed above.

The traditional PID structure is composed of the addition of three contributes,

as shown in figure 4.2 and equation (4.6).

Figure 4.2: Traditional PID structure

The blocks ”1/s” and ”s” represents the integration and derivation operations.

u(t) = KP e(t) +KI

∫ t

0

e(τ) dτ +KZ
de(t)

dt
(4.6)

Where u is a generic controlled variable, e is the error between the task r

and the process output y, KP is the proportional coefficient, KI is the integral

coefficient and KD is the derivative coefficient.

The first contribute (P) is proportional to the error and define the propor-

tional bandwidth. Inside this interval the output will be proportional to the error

while outside the output will be minimum or maximum. The second contribute

(I) varies according to the integral of the error. Even though this component

increases the overshoot and the settling time, it has a unique propriety: it elim-

inates the steady state error. The third contribute (D) varies according to the

derivate of the error. This component help to decrease the overshoot and the

settling time.
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In the Laplace domain, the traditional PID structure can be rewritten accord-

ing to equation (4.7).

u(s) =

(
KP +

KI

s
+ s KD

)
e(s) (4.7)

Since this function is improper, it is not physically feasible (because of the

derivative therm). After a certain frequency, the D contribute must be attenuated

to filter the off-band noise. For this reason, in the real derivator a pole is added

as shown in equation (4.8)

u(s) =

(
KP +

KI

s
+

s KD

1 + s KD/(k KP )

)
e(s) (4.8)

The traditional PID structure presents two main drawbacks:

• the derivate action is calculated from the error. If the task adds a step in

the reference, the output of the derivator would present an impulse. This

sharp movement can saturate the actuators and push away the system from

the linear zone. For this reasons most of the PID architecture presents the

derivate action of the process output only.

• The integral action combined with an actuator saturation can provide a

non linear effect which can decrease the performance of the control system.

When the integral value is large and the error changes sign it is necessary

to wait a lot of time before the system restores its linear behavior (after the

”discharging” of the integral action). This phenomenon is called integral

wind-up. To avoid it, a saturator is added after the integral to limit its

maximum and minimum vaues.

Figure 4.3 shows the enhanced PID structure.

Figure 4.3: Enhanced PID structure

The block ”SAT” represent the saturator.
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The description of the four inner control algorithms for the height and attitude

stabilization is now presented.

• Roll control:

Figure 4.4: Block diagram of the roll control

φd [rad] represents the desired roll angle, φ [rad] is the measured roll angle,

eφ [rad] is the roll error and U2 [N m] is the required roll torque. KPφ [s−2],

KIφ [s−3] and KDφ [s−1] are the three control parameters. At last IXX [N m]

is the body moment of inertia around the x-axis. It can be noted that the

roll stabilization has a structure very close to that one explained before.

The only difference is that there is the block ”IXX” after the sum of the

three main components. This contribute comes from equation (4.4) and is

necessary to relate the roll control to U2.

• Pitch control:

Figure 4.5: Block diagram of the pitch control

θd [rad] represents the desired pitch angle, θ [rad] is the measured pitch

angle, eθ [rad] is the pitch error and U3 [N m] is the required pitch torque.

KPθ [s−2], KIθ [s−3] and KDθ [s−1] are the three control parameters. At last

IY Y [N m] is the body moment of inertia around the y-axis. It is easy to see

that the pitch stabilization has a structure very close to the roll one. The

only difference is that the roll acts around the x axis while the pitch acts

around the y axis, according to equation (4.4).
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• Yaw control:

Figure 4.6: Block diagram of the yaw control

ψ̇d [rad s−1] represents the desired yaw angle velocity, ψd [rad] represents

the desired yaw angle, ψ [rad] is the measured yaw angle, eψ [rad] is the

yaw error and U4 [N m] is the required yaw torque. KPψ [s−2], KIψ [s−3]

and KDψ [s−1] are the three control parameters. At last IZZ [N m] is the

body moment of inertia around the z-axis. The ”IZZ” block is needed to

relate the yaw control to U4, according to equation (4.4).

This structure presents a few differences from the previous two.

The new block ”FOLDER” represents a code which allow to take into ac-

count the discontinuity of the yaw angle at ±π. Therefore if the input of

the block is equal to 3π/2, it outputs −π/2.

The new block ”SIGN COHERENCE” is instead a little bit more complex.

It is needed to consider the sign of the two sample for the derivate com-

putation. Once again, the purpose of this algorithm is used to avoid error

during the transition π to −π and vice versa.

Another big difference from the previous structure is that the task gives a

reference on the derivate of the yaw angle and not directly on the yaw angle.

This configuration has been chosen to be able to fly the helicopter with a

higher degree of freedom. With a position reference, it would be impossible

to make the quadrotor turn on itself more than one time (without losses

of accuracy). Furthermore the positioning for the take-off sequence could

not be arbitrarily chosen. By integrating the derivate of the yaw angle

reference, it is easy to obtain the yaw angle reference and to process it, as

in the previous structures.
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• height control:

Figure 4.7: Block diagram of the height control

zd [m] represents the desired height, zIR [m] is the height measured by the

IR module, zSONAR [m] is the height measured by the SONAR module,

z [m] is the height estimated from the sensors, ez [m] is the height error

and U1 [N ] is the required thrust. KPz [s−2], KIz [s−3] and KDz [s−1] are

the three control parameters. At last g [m s−2] is the acceleration due to

gravity, m [kg] is the mass of the quadrotor, cφ [−] is the roll angle cosine

and cθ [−] is the pitch angle cosine.

Respect to the enhanced PID architecture, the block diagram of the height

control presents two main differences:

The ”MIXER” block must be added to process the height data from the

IR module and the SONAR. Its purpose is to calculate the height of the

quadrotor with the best accuracy it can achieve from the two sensors. Fur-

thermore, IR and SONAR have different ranges and, for specific heights,

one of the two sensors can provide wrong data. Thanks to the ”MIXER”

block, the algorithm estimates the real height and avoids ambiguity.

According to equation (4.4) the height dynamics is more complex than the

other three. In fact, it also depends from the roll and pitch angles. Further-

more the acceleration due to gravity must be compensated. The quadrotor

mass (m) has the same role as the moments of inertia in the angular case.
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Quadrotor simulator

In this chapter, the quadrotor simulator is presented. This tool is very helpful

to verify the correctness of the helicopter dynamic model and to test the control

algorithms performance. Furthermore, thanks to a real-time interface with the

remote controller, it is possible to evaluate the behavior of the quadrotor through

a 3D view. This simulator has been developed with the Matlab tool Simulink.

The first section (5.1: System structure) introduces the simulation tools Mat-

lab and Simulink. Furthermore it provides an overview of the quadrotor system

architecture and it gives a brief description of blocks and commands.

The second section (5.2: Blocks implementation) shows the implementation

of the previously introduced blocks. Particular attention is given to the model

of the dynamics, the quantization (in both time and frequency) of the sensors

signals, the interface of the inputs and the portability of the control algorithm.

The third section (5.3: 3D visualization) underlines the importance of a real-

time platform and shows the 3D interface. Thanks to this visualization, it is

easy to analyze the position and the orientation of the quadrotor, hence verify its

performance.
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5.1 System structure

Matlab is a high-level technical computing language and interactive environ-

ment for algorithm development, data visualization, data analysis and numeric

computation [36]. It is widely used in engineering and science because of its easy

interface and powerful commands.

The main strengths of Matlab are [37]:

• Is relatively easy to learn.

• Optimized code to be relatively quick when performing matrix operations.

• May behave like a calculator or as a programming language.

• Is an interpreted language, errors are easier to fix.

Matlab main weakness is instead its slowness: it is almost always much slower

than a compiled language such as C (since it is an interpreted language).

Simulink is an environment for multidomain simulation and Model-Based De-

sign for dynamic and embedded systems. It provides an interactive graphical

environment and a customizable set of block libraries which allow to design, sim-

ulate, implement, and test a variety of time-varying systems [36]. Simulink has

been chosen in this work for its easy and clear graphic interface.

The model of the whole system is composed of several interconnected blocks in

a classic feedback structure. ”dynamics” represents the physics of the quadrotor

and provides the position, velocity and acceleration of both linear and angular

quantities. The actuators dynamic is also modeled in this block. The input of

this block is the voltage given to the motor drivers (Vcontrol) from the ”con-

trol”. ”sensors” models the IMU, IR and SONAR. It gives its data directly to

the ”control”, while it receives information about the quadrotor motion from ”dy-

namics”. ”inputs” acquires the task references directly form the helicopter remote

controller or from a signal builder. As for the ”sensors”, the output of ”inputs” is

directly connected with ”control”. This last block includes the control algorithm

for the helicopter stabilization (the same as the microcontroller code on the real

platform). ”3d view” implements the code that allow to see the quadrotor in a 3D
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visualization during the real-time simulation. The two blocks ”pos-vel-acc scope”

and ”Vcontrol scope” are useful in the test phase to analyze (once the simulation

is stopped) the waveforms of position, velocity, acceleration and Vcontrol of the

helicopter. Figure 5.1 shows a snapshot of the system structure in Simulink.

Figure 5.1: System structure

On the left side of the schematic, the instructions specify how to run the

simulation, manage the 3D visualization and save it in an AVI file. The following

five buttons are located under the instruction:

• ”init” initializes all the constants and variables.

• ”view3d” shows the last simulation data with a 3D visualization.

• ”save3d” saves the 3D visualization with the last data in a AVI video.

• ”graph on” enables the 3D interface during the simulation (visual feedback).

• ”graph off” disables the 3D interface during the simulation (low complexity).

Furthermore, several colors are used in this scheme to identify the signals char-

acteristic (as shown in the legend).
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5.2 Blocks implementation

”dynamics” represents the physics of the quadrotor and provides the position,

velocity and acceleration of both linear and angular quantities. The input of this

block is the voltage given to the motor drivers (Vcontrol) from the ”control”.

Figure 5.2 shows a snapshot of the ”dynamics” implementation in Simulink.

Figure 5.2: Dynamics implementation

This block (as most of the following) is implemented with a lot of hardware

blocks instead of a software code. The reason of this choice is that a lot of time

is saved for the computation and the simulation is much faster.

The propellers’ speed is calculated from its past values and from the input ”Vcon-

trol” according to the theory presented in chepter 3.

The linear velocity vector ”dx dy dz” is obtained directly from the integral of the

linear acceleration vector ”ddx ddy ddz”.

The angular velocity vector ”dphi dtheta dpsi” is obtained from the integral of

both the angular acceleration vector ”dp dq dr” and itself through the ”angular

matrix” transformation.

The linear acceleration vector ”ddx ddy ddz” is composed of two components: the

”linear friction” (depending on the linear velocity) and the product between the

”linear matrix” and the ”U1” command (obtained from the propellers’ speed).
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The angular acceleration vector ”dp dq dr” is also composed of two components:

the ”rot friction” (depending on the angular velocity vector) and the sum of the

”gyro effects” and the ”omega to U” (obtained from both the propellers’ speed

and the angular velocity vector).

”sensors” models the IMU, IR and SONAR. It receives information about

the quadrotor motion from ”dynamics”, while it gives its data directly to the

”control”. It is composed of three sub-models which identifies with a good level

of detail the IMU, the IR module and the SONAR. In each sensor implementation

four main operation are applied:

• A delay to model the time behavior of the sensor.

• A rate transition block which sample the sensor at the real rate.

• A noise generator to model accuracy imprecision.

• A conversion block to represent the sensor data in their real format

The output format of the IMU is represented (in degrees) with four bytes in the

fixed point signed 12.20 format. Its sample period is 0.01 [s]. The ”yaw limiter”

block is used to limit the yaw value between 180 and -180 [deg]. Figure 5.3 shows

a snapshot of the ”IMU sensor” implementation in Simulink.

Figure 5.3: IMU implementation
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The output format of the IR is represented (in centimeters) with one byte

(actually, since the IR is analogue, this format is provided after a brief microcon-

troller computation in the real platform). Its sample period is 0.04 [s]. Figure

5.4 shows a snapshot of the ”IR sensor” implementation in Simulink.

Figure 5.4: IR implementation

The output format of the SONAR is represented (in centimeters) with two

bytes. Its sample period is 0.07 [s]. Figure 5.5 shows a snapshot of the ”SONAR

sensor” implementation in Simulink.

Figure 5.5: SONAR implementation

”inputs” acquires the task references directly form the helicopter remote con-

troller or from a signal builder. The output of this block is directly connected

with ”control”. The block ”Joystick inputs” provide the interface between the

remote controller and Simulink. In the ”inputs” block, a lot of mixer are con-

nected because of the signals must be correctly routed according to the specified

options. The block ”button” is used to define the 3D visual. Figure 5.6 shows a

snapshot of the ”SONAR sensor” implementation in Simulink.
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Figure 5.6: Inputs implementation

”control” includes the control algorithm for the helicopter stabilization hence

determines the motors’ voltage ”Vcontrol”. These data can be generated from

a signal builder or from the S-Function Builder. This last block processes the

sensors and task signals, hence provides the actuators output through a C code.

Figure 5.7 shows a snapshot of the ”SONAR sensor” implementation in Simulink.

Figure 5.7: Control implementation



48 Chapter 5. Quadrotor simulator

5.3 3D visualization

To evaluate the stability of the quadrotor using the remote controller, it is very

important that the simulator runs in real-time. This means that the simulated

time must be equal to the real time. This equivalence is possible thanks to a

block called Simulink Execution Control V2.0.

Furthermore the 3D visualization allows to analyze the position and the ori-

entation of the quadrotor, hence verify its performance. The helicopter is repre-

sented with four circles (propellers rotation), each at one end of a cross structure.

The front circle is red (instead of blue) to mark the orientation. A yellow line

shows the path done by the quadrotor from its start position (0,0,0). Three seg-

ments represent the three axes direction from the origin (x red, y black, z green).

An additional square centered in the xy plane is placed in the 3D structure.

By switching the position of two buttons on the remote controller it is possible

to change the 3D visual. Four different configuration of (dynamic) camera posi-

tion and target are selectable. Figure 5.8 shows a snapshot of the 3D visualization

during a simulation.

Figure 5.8: 3D visualization
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Identification of the constants

There are different approaches to estimate a constant. In this work, several

methods were applied according to the known information. This chapter shows

the techniques used to find all the constants of this project. These can be divided

in the following categories:

1. Basic measurements (section 6.1)

2. Geometry and dynamics derivation (section 6.2)

3. Geometry and aerodynamics derivation (section 6.3)

4. Datasheet data extrapolation (section 6.4)

5. Experimental data extrapolation (section 6.5)

6. Constants comparison (section 6.6)
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6.1 Basic measurements

This section shows the basic measurements done in the identification process.

Three groups of instruments were used:

• mass (weight) measuring

• length measuring

• electric measuring

The mass was estimated thanks to a laboratory digital balance ”Kern 440-45N”

(full scale 1 kg, accuracy 0.2 × 10−3 kg). The length was instead estimated

with two instruments according to the measurement range: an electronic caliper

”Mitutoyo 500-181-20”(full scale 153.65× 10−3 m, accuracy 0.02× 10−3 m) and

a measuring tape (full scale 2 m, accuracy 1 × 10−3 m). All the parts of the

quadrotor were weighed and measured to be able to calculate more complex

quantities. Figures 6.1, 6.2 and 6.3 show the photos of the previously mentioned

measurement instruments.

Figure 6.1: Electronic balance Kern 440-45N

Figure 6.2: Electronic caliper Mitutoyo 500-181-20
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Figure 6.3: Measuring tape Assist 3M

To measure electric quantities, two instruments were used: a digital multi-

meter ”GBC KDM-350C” and a digital RLC meter ”Agilent 4263B”. The RLC

meter is a device which can measure resistance (R), inductance (L), and capaci-

tance (C) with great accuracy. The multimeter instead has less accuracy but can

measure more electrical quantities in addition to continuity, diode and transistors

tests. Table 6.1 shows the comparison of the multimeter and LRC meter features

(in the table, NA means not available).

Mutimeter RLC-meter

Measure range accuracy range accuracy

Resistance 200 Ω÷ 200 MΩ ± 0.8 % 1 mΩ÷ 100 MΩ ± 0.1 %

Inductance NA NA 10 nH ÷ 100 kH ± 0.1 %

Capacitance 200 pF ÷ 20 µF ± 2.5 % 1 pF ÷ 1 F ± 0.1 %

DC voltage 200 mV ÷ 1000 V ± 0.5 % NA NA

AC voltage 2 V ÷ 700 V ± 0.8 % NA NA

DC current 2 mA÷ 20 A ± 0.8 % NA NA

AC current 20 mA÷ 20 A ± 1.2 % NA NA

Frequency 20 kHz ± 1 % NA NA

Temperature −20 ◦C÷ 1000 ◦C ± 0.75 % NA NA

Table 6.1: multimeter - LRC meter comparison

The RLC meter was mainly used to determine the resistance R and inductance

L of the motors. The multimeter was used instead for a lot of electronic circuit

measures during identification, developing and testing. Figures 6.4 and 6.5 show

the photos of the two previously mentioned instruments.
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Figure 6.4: Digital multimeter GBC KDM-350C

Figure 6.5: Digital RLC meter Agilent 4263B

Another basic measure consists of the determination of the gear box reduction

ratio N . This quantity doesn’t need any instrument to be estimated. It is equal

to the ratio of the number of teeth of the propeller gear to the number of teeth

of the motor gear. Another way to determine the same quantity (with probably

less accuracy) is to compute the ratio of the propeller gear radius to the motor

gear radius.

The last group of basic measures are those determined by others. A few

measurements have already been estimated from previous work and experiments

with good accuracy. It was a good idea though to use them instead of recalculate

their values. The ”borrowed” constants are:

• a, lift slope [38]

• g, acceleration due to gravity [39]

• CD, drag coefficient [38]

• IXY , IY X , IXZ , IZX , IY Z , IZY , off-diagonal elements of the body

moment of inertia tensor [16]

• η, gear box efficiency [40]

• ρA, air density [39]
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6.2 Geometry and dynamics derivation

This section uses the data derived by basic measurements to identify the body

and rotational moments of inertia. To deepen the basics of the moment of inertia

theory see appendix D. This identification can be divided in 2 groups:

• Rotational moment of inertia calculation

• Body moment of inertia calculation

In the first part, the main goal is to derive the total rotational moment of inertia

around the motor axis. It is composed of two constants: the rotational moment

of inertia around the motor axis JM [N m s2] and the rotational moment of

inertia around the propeller axis JP [N m s2]. Figure 6.6 shows all the rotational

moment of inertia involved in the motor - gear box - propeller system.

Figure 6.6: Rotor inertia

JM itself is also composed of two contributions: the rotor and the motor gear

rotational moments of inertia (JR [N m s2] and JMG [N m s2]). Both can be

modeled as a solid cylinder, therefore their moments of inertia are equal to (from

appendix D):

JR =
1

2
MR R

2
R = 1.08× 10−6 [N m s2] (6.1)

JMG =
1

2
MMGR

2
MG = 12.8× 10−9 [N m s2] (6.2)

JM = JR + JMG = 1.1× 10−6 [N m s2] (6.3)
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Even JP is composed of two contributions: the blade and the propeller gear

rotational moments of inertia (JB [N m s2] and JPG [N m s2]). The first one

can be modeled as a flat plate while the second one as a solid cylinder. Their

moments of inertia are equal to (from appendix D):

JB =
1

12
MB (W 2

B + L 2
B ) = 70.8× 10−6 [N m s2] (6.4)

JPG =
1

2
MPG R 2

PG = 1.38× 10−6 [N m s2] (6.5)

JP = JB + JPG = 72.2× 10−6 [N m s2] (6.6)

According to equations (3.43) and (3.48), it is possible to derive the total motor

inertia around the motor axis JTM [N m s2] and the propeller JTP [N m s2].

JTM = JM +
JP
η N2

= 3.66× 10−6 [N m s2] (6.7)

JTP = JP + η N2 JM = 104× 10−6 [N m s2] (6.8)

In the body moment of inertia calculation, the main task is to identify the

dynamic behavior of the whole quadrotor in rotation around a defined axis. Since

the structure shows a high degree of symmetry, the body of inertia tensor (see

appendix D) can be simplified as a diagonal matrix. Hence, in this part, the main

goal is to derive the three body moments of inertia IXX , IY Y and IZZ .

Firs of all, the (complex) structure of the quadrotor has to be modeled as several

components with easier geometry [7]. A good approximation is to define the

following parts:

• 1 cross structure, modeled as two solid narrow cylinders

fastened in the middle forming a cross

• 1 electronics box, modeled as a rectangular parallelepiped

• 4 motors, modeled as solid cylinders

• 4 motor gears, modeled as solid cylinders

• 4 propeller gears, modeled as solid cylinders

• 4 propellers, modeled as flat cylinders with variable density

(the geometry comes from a rotating blade)
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For each of the previous parts, three moments of inertia have to be computed:

one around the x-axis, one around the y-axis and one around the z-axis. It now

follows the body moments of inertia computation:

The narrow cylinders of the cross structure model have a radius RC of 2.5×
10−3 [m], a length LC of 470 × 10−3 [m] and a mass MC of 25 × 10−3 [kg] each.

Figure 6.7 shows the geometry of the cross structure.

Figure 6.7: Cross structure

Thanks to its symmetry, the cross structure moment of inertia around the

x-axis ICX [N m s2] is equal to that one around the y-axis ICY [N m s2]:

ICX = ICY = MC

(
R 2
C

4
+
L 2
C

12

)
+

1

2
MC R 2

C =

= 460× 10−6 [N m s2] (6.9)

ICZ = MC

(
R 2
C

4
+
L 2
C

12

)
+MC

(
R 2
C

4
+
L 2
C

12

)
=

= 920× 10−6 [N m s2] (6.10)
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The rectangular parallelepiped of the electronics box model has a length LE

of 200× 10−3 [m], a width WE of 200× 10−3 [m], a height HE of 20× 10−3 [m],

a distance from the COM around the z-axis DE of 70× 10−3 [m] and a mass ME

of 200× 10−3 [kg]. Figure 6.8 shows the geometry of the electronics box.

Figure 6.8: Electronics box

Its moments of inertia around the x-axis IEX [N m s2], y-axis IEY [N m s2]

and z-axis IEY [N m s2] are defined according to equations (6.11), (6.12) and

(6.13).

IEX = ME

(
W 2
E

12
+
H 2
E

12
+D 2

E

)
= 1.7× 10−3 [N m s2] (6.11)

IEY = ME

(
L 2
E

12
+
H 2
E

12
+D 2

E

)
= 1.7× 10−3 [N m s2] (6.12)

IEZ = ME

(
L 2
E

12
+
W 2
E

12

)
= 1.3× 10−6 [N m s2] (6.13)
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The four motors show a high degree of symmetry, therefore the computation

were done just on the front motor and then transposed on the other ones. The

solid cylinder of the motor model has a radius RM of 12×10−3 [m], a height HM of

30× 10−3 [m], a distance from the COM around the x-axis LM of 210× 10−3 [m],

a distance from the COM around the z-axis DM of 12×10−3 [m] and a mass MM

of 46× 10−3 [kg]. Figure 6.9 shows the geometry of the motor.

Figure 6.9: Motor

Its moments of inertia around the x-axis IM1X [N m s2], y-axis IM1Y [N m s2]

and z-axis IM1Z [N m s2] are defined in equations (6.14), (6.15) and (6.16).

IM1X = MM

(
R 2
M

4
+
H 2
M

12
+D 2

M

)
= 11.7× 10−6 [N m s2] (6.14)

IM1Y = MM

(
R 2
M

4
+
H 2
M

12
+ L 2

M +D 2
M

)
= 2× 10−3 [N m s2] (6.15)

IM1Z = MM

(
R 2
M

2
+ L 2

M

)
= 2× 10−3 [N m s2] (6.16)

According to the geometry, equations (6.17), (6.18) and (6.19) show the deriva-

tion of the three moments of inertia of the remaining three motors.

IM1X = IM2Y = IM3X = IM4Y (6.17)

IM1Y = IM2X = IM3Y = IM4X (6.18)

IM1Z = IM2Z = IM3Z = IM4Z (6.19)
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Like the motors, even the four motor gears show a high degree of symmetry.

Therefore the computation were done just on the front motor gear and then

transposed on the other ones. The solid cylinder of the motor gear model has

a radius RMG of 4 × 10−3 [m], a height HMG of 5.2 × 10−3 [m], a distance from

the COM around the x-axis LMG of 210 × 10−3 [m], a distance from the COM

around the z-axis DMG of 10.6 × 10−3 [m] and a mass MMG of 1.6 × 10−3 [kg].

Figure 6.10 shows the geometry of the motor gear.

Figure 6.10: Motor gear

Its moments of inertia around the x-axis IMG1X[N m s2], y-axis IMG1Y [N m s2]

and z-axis IMG1Z [N m s2] are defined in equations (6.20), (6.21) and (6.22).

IMG1X = MMG

(
R 2
MG

4
+
H 2
MG

12
+D 2

MG

)
= 0.19× 10−6 [N m s2] (6.20)

IMG1Y = MMG

(
R 2
MG

4
+
H 2
MG

12
+ L 2

MG +D 2
MG

)
= 70.8 [N m s2] (6.21)

IMG1Z = MMG

(
R 2
MG

2
+ L 2

MG

)
= 70.6× 10−3 [N m s2] (6.22)

According to the geometry, equations (6.23), (6.24) and (6.25) show the derivation

of the three moments of inertia of the remaining three motor gears.

IMG1X = IMG2Y = IMG3X = IMG4Y (6.23)

IMG1Y = IMG2X = IMG3Y = IMG4X (6.24)

IMG1Z = IMG2Z = IMG3Z = IMG4Z (6.25)
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The four propeller gears show a high degree of symmetry (as the motors),

therefore the computation were done just on the front propeller gear and then

transposed on the other ones. The solid cylinder of the propeller gear model has

a radius RPG of 22 × 10−3 [m], a height HPG of 4.5 × 10−3 [m], a distance from

the COM around the x-axis LPG of 235 × 10−3 [m], a distance from the COM

around the z-axis DPG of 10.6 × 10−3 [m] and a mass MPG of 5.7 × 10−3 [kg].

Figure 6.11 shows the geometry of the propeller gear.

Figure 6.11: Propeller gear

Its moments of inertia around the x-axis IPG1X [N m s2], y-axis IPG1Y [N m s2]

and z-axis IPG1Z [N m s2] are defined in equations (6.26), (6.27) and (6.28).

IPG1X =MPG

(
R 2
PG

4
+
H 2
PG

12
+D 2

PG

)
=1.3×10−6 [N m s2] (6.26)

IPG1Y =MPG

(
R 2
PG

4
+
H 2
PG

12
+ L 2

PG +D 2
PG

)
=316×10−6 [N m s2] (6.27)

IPG1Z =MPG

(
R 2
PG

2
+ L 2

PG

)
=316×10−3 [N m s2] (6.28)

According to the geometry, equations (6.29), (6.30) and (6.31) show the deriva-

tion of the three moments of inertia of the remaining three propeller gears.

IPG1X = IPG2Y = IPG3X = IPG4Y (6.29)

IPG1Y = IPG2X = IPG3Y = IPG4X (6.30)

IPG1Z = IPG2Z = IPG3Z = IPG4Z (6.31)
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The four propellers, as with the previous three different components, show a

high degree of symmetry. Therefore the computation were done just on the front

propeller and then transposed on the other ones. They have been modeled as

flat cylinders with variable density. This shape has been chosen because it comes

from a rotating (flat plate) propeller, furthermore the density depends on the

radius and it decreases by getting far from the center. The flat cylinder of the

propeller model has a radius RP of 155×10−3 [m], a height HP of 2×10−3 [m], a

distance from the COM around the x-axis LP of 235× 10−3 [m], a distance from

the COM around the z-axis DP of 20×10−3 [m] and a mass MP of 8.8×10−3 [kg].

Figure 6.12 shows the geometry of the propeller.

Figure 6.12: Propeller

Its moments of inertia around the x-axis IP1X [N m s2], y-axis IP1Y [N m s2]

and z-axis IP1Z [N m s2] are defined in equations (6.32), (6.33) and (6.34).

IP1X = MP

(
R 2
P

6
+
H 2
P

12
+D 2

P

)
= 38.8× 10−6 [N m s2] (6.32)

IP1Y = MP

(
R 2
P

6
+
H 2
P

12
+ L 2

P +D 2
P

)
= 525× 10−3 [N m s2] (6.33)

IP1Z = MP

(
R 2
P

3
+ L 2

P

)
= 556× 10−3 [N m s2] (6.34)

According to the geometry, equations (6.35), (6.36) and (6.37) show the derivation

of the three moments of inertia of the remaining three propellers.

IP1X = IP2Y = IP3X = IP4Y (6.35)

IP1Y = IP2X = IP3Y = IP4X (6.36)

IP1Z = IP2Z = IP3Z = IP4Z (6.37)
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At last it is possible to compute the three body moment of inertia IXX , IY Y

and IZZ by adding all the components around a defined axis.

IXX = ICX + IEX + IM1X + IM2X + IM3X + IM4X + IMG1X + IMG2X +

+ IMG3X + IMG4X + IPG1X + IPG2X + IPG3X + IPG4X + IP1X +

+ IP2X + IP3X + IP4X = 8.1× 10−3 [N m s2] (6.38)

IY Y = ICY + IEX + IM1Y + IM2Y + IM3Y + IM4Y + IMG1X + IMG2X +

+ IMG3X + IMG4X + IPG1X + IPG2X + IPG3X + IPG4X + IP1X +

+ IP2X + IP3X + IP4X = 8.1× 10−3 [N m s2] (6.39)

IZZ = ICZ + IEX + IM1Z + IM2Z + IM3Z + IM4Z + IMG1X + IMG2X +

+ IMG3X + IMG4X + IPG1X + IPG2X + IPG3X + IPG4X + IP1X +

+ IP2X + IP3X + IP4X = 14.2× 10−3 [N m s2] (6.40)

From equations (6.38), (6.39) and (6.40) it shows that the moments of inertia

around x and y axes has the same value. It means that the helicopter has a high

degree of symmetry with respect to these axis. On the other hand, the moments

of inertia around z is almost twice the other two. It follows that is easier to

change the angular speed on x or y axes rather than change it on the z axis.
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6.3 Geometry and aerodynamics derivation

This section gives a brief overview on aerodynamics and shows how to cal-

culate the thrust b [N s2] and the drag d [N m s2] factors generated from the

propellers motion using a combination of momentum and blade element theory

(see appendix C).

The propellers’ rotation creates aerodynamic and mechanical contributions to

the structure [41]:

• Thrust is the aerodynamic force which is produced in the direction of the

propellers. It is required to overcome the drag and weight forces, thus it

sustains the forward flight of the vehicle.

• Drag torque is the results of the aerodynamic forces acting on the blade

elements around the rotor shaft.

Figure 6.13 shows how these components act on a propeller. TBET [N ] and

QBET [N m] are the thrust and the drag torque according to the blade element

theory. ωP [rad s−1] is the angular speed of the propeller.

Figure 6.13: Aero thrust torque

The thrust factor b can be estimated with different approaches, thus the sub-

script of b identifies the method used. At the end of this chapter a mean of these

components will be done to get the average value of the thrust factor.

To estimate b with blade element theory (bBET [N s2]), is necessary to describe

the thrust TBET in function of ωP . Equation (6.41) shows this relation.

TBET = NB ρA a c ω
2

P R 3
P

(
θI0
6
− θItw

8
− λ

4

)
(6.41)

To make the chapter more readable, the symbols of the previous (and follow-

ing) equations are not reported in this section, but defined in the Aerodynamics
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calculation appendix C.2.

Since the thrust TBET is proportional to the square of the angular speed of

the blade ωP , it is possible to determine the ratio of TBET to ω 2
P , which is the

definition of the thrust factor. The numeric result is provided by equation (6.42).

bBET =
TBET
ω 2
P

= NB ρA a c R
3

P

(
θI0
6
− θItw

8
− λ

4

)
=

= 53.8× 10−6 [N s2] (6.42)

The value of b can be also be evaluated by applying the momentum theory

(C.1). Hence, the thrust factor with momentum theory bMT [N s2] in hovering

is simply the ratio of the weight carried from one propeller WP to the squared

propeller speed ω 2
H as shown in equation (6.43).

bMT =
WP

ω 2
H

= 53.1× 10−6 [N s2] (6.43)

It can be verified that the two thrust factors evaluated in equations (6.42)

and (6.43) are very similar. Furthermore, another estimation of b through an

experimental setup is reported in the last section of this chapter (6.5).

To estimate the drag factor d, is necessary to describe the torque acting on

the shaft QBET in function of the angular speed ωP . Equation (6.44) shows this

relation.

QBET = NB ρA c ω
2

P R 4
P

(
CD
8

+ a λ

(
θI0
6
− θItw

8
− λ

4

))
(6.44)

As for the thrust TBET , even the torque QBET is proportional to the square

of the angular speed of the blade ωP , then it is possible to determine the ratio of

QBET to ω 2
P , which is the definition of the drag factor d. The numeric result is

provided by equation (6.45).

d =
QBET

ω 2
P

= NB ρA c R
4

P

(
CD
8

+ a λ

(
θI0
6
− θItw

8
− λ

4

))
=

= 1.1× 10−6 [N m s2] (6.45)

Unlike the b parameter, the drag coefficient d was estimated just with blade

element theory, hence, no subscript was applied.
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6.4 Datasheet data extrapolation

This section uses the datasheet information and identifies a few motor quan-

tities. The motor model is show in chapter 3. Its parameters are:

• R [Ω] Motor resistance.

• L [H] Motor inductance.

• KE [V s rad−1] Electric motor constant.

The value of the inductance L was measured with the RLC meter introduced

in section 6.1. The motor inductance has not a key role in the model, therefore

its value was neglected and it was measured in just one way. Contrariwise the

constants R and KE are very important and several estimations were done to

reach more reliable values. In this section, the datasheet data extrapolation

method was applied. The information provided by the datasheet is the following:

• vRT [V ] Motor rated voltage: Tension used in the datasheet experiments.

• ωNL [rad s−1] Motor no load speed: motor velocity at no load torque.

• TNL [N m] Motor no load torque: applied torque for the previous test.

• ωRL [rad s−1] Motor rated load speed: motor velocity at rated load torque.

• TRL [N m] Motor rated load torque: applied torque for the previous test.

It now follows the derivation of the motor resistance RDAT [Ω] and the elec-

tric motor constant KEDAT [V s rad−1] with the datasheet data extrapolation.

Equation (6.46) shows the power balance in the motor, where the electric power

is equal to the sum of the mechanic power and the losses.

v i = e i+ vR i

v i = KE ωM i+R i2

v
TM
KM

= KE ωM
TM
KM

+R

(
TM
KM

)2

ωM =
v

KE

− R

K 2
E

TM (6.46)

In the last step, KM were replaced by KE (numerically equal) to get a clearer

representation.

According to equation (6.46) is easy to see that the speed ωM varies lin-

early with the torque TM . Two points of this characteristic are provided by the

datasheet. Figure 6.14 shows the ωM − TM relation.
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Figure 6.14: ωM − TM function

In the previous figure TS [N m] is called stall torque and identifies the maxi-

mum torque supplied by the motor. It is not directly provided by the datasheet,

but it can be easily calculated from the other data. This parameter is useful to

decide whether the motor is suitable or not for its load target.

Equation (6.46) can be rewritten according to the graphic representation of

the characteristic ωM − TM as shown in figure 6.14. In equations (6.47), (6.48)

and (6.49) the speed constant term ωM0 [rad s−1] and the speed linear coefficient

∆ωM [rad s−1 N−1 m−1] were added.

ωM0 =
v

KE

= ωNL = 2.07× 103 [rad s−1] (6.47)

∆ωM = − R

K 2
E

=
ωRL − ωNL
TRL − TNL

= −49× 103 [rad s−1 N−1 m−1] (6.48)

ωM = ωM0 + ∆ωM TM = 2.07× 103 − 49× 103 TM [rad s−1] (6.49)

From the previous three equations, the constants TS, KEDAT and RDAT can

be derived according to equations (6.50), (6.51) and (6.52).

TS = − ωM0

∆ωM
= 42.2× 10−3 [N m] (6.50)

KEDAT =
vRT
ωM0

= 4.6× 10−3 [V s rad−1] (6.51)

RDAT = −∆ωM

(
vRT
ωM0

)2

= 1.05 [Ω] (6.52)

These last two quantities have the subscript DAT which identifies that their

values come out from the datasheet data extrapolation. Further approaches were

used, thus at the end of this chapter a mean of these components will be done to

get the average value of KE and R.
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6.5 Experimental data extrapolation

This section describes the set-up used in this work to carry out several tests.

It was possible to plot the collected data for estimating the relation between

variables and for extrapolating a few constants.

To identify the characteristic of the motors, it was chosen to do the tests on

just one motor to avoid losses of time and stress on the other motors. With

this setup, the voltage supply and the codes (representing the duty cycle of the

square waveform given to the motor) were given as inputs. In addition to these

two variables, it was possible to measure the current through the motor, its speed

and the lift generated.

The voltage supply VDD [V ] was determined by a voltage supply generator

equipped with an internal display. The code of the PWM was provided by a PC

interfaced with the µC (through UART interface). In its turn, the µC was con-

nected with the motor driver and varied the duty cycle of the waveform supplied

to the motor. The current i [A] was provided by reading the voltage on a motor

series low resistor with a multimeter. A counter proof was done by sampling the

same value with an ADC and reading the averaged data with the PC. Figure 6.15

shows the system connections between the PC and the motor.

Figure 6.15: PC - Motor connections

The propeller speed ωP [rad s−1] were measured with an oscilloscope connected

to an optic board. This circuit drived an IR LED which lighted a phototransistor.

In the space between the two optical devices the propeller blades were free to

rotate. When a blade darkened the phototransistor (from the IR LED light),

the voltage of the waveform on the oscilloscope decreased. With the rotation of

the propeller, it was thus possible to determine the speed ωP by calculating the

frequency of the waveform on the oscilloscope fOLC [blade s−1]. Figure 6.15 shows

the system for the rotating speed computation.

fOLC must be multiplied by π to get the value in the units of measurement
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Figure 6.16: Rotating speed computation

[rad s−1], as shown in equation (6.53).

ωP

[
rad

s

]
= fOLC

[
blade

s

]
1

2

[
turn

blade

]
2π

[
rad

turn

]
= fOLC π

[
rad

s

]
(6.53)

According to the information needed, it is possible to consider the propeller

ωP or the motor ωM speeds related by equation (6.54).

ωM = N ωP = 5.6 ωP (6.54)

In the following data tables, the considered speed will be that of the motor

(ωM), if not otherwise stated.

To estimate the lift TN [N ], the electronic balance described in section 6.1

was used. A rigid structure with one degree of freedom was built. A hinge (fixed

on a table) was connected to one end of a horizontal light stick. Its other end

was tied to the motor. Therefore, the propeller motion could produce a vertical

force strong enough to lift the motor system (actually, it was a rotation around

the hinge). An additional weight was added to the motor to avoid the structure

being lifted by the vertical force of the propeller. By placing the motor system

on the electronic balance, it was possible to measure the propeller lift through

differential reading. Figure 6.17 shows the set-up.
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Figure 6.17: Lift set-up

The mass lifted by the propeller TG [g] was equal to the difference between

the balance value at zero motor speed and the balance value at the desired speed.

In this way the weight tare is subtracted. In the following data tables the lift is

expressed in grams [g] (not in kilograms [kg]) and in Newtons [N ]. To obtain the

lift information in Newtons (TN), the grams value TG need to be multiplied by

1000 and by the acceleration due to gravity g, according to equation (6.55).

TN [N ] = TG [g]
1

1000

[
kg

g

]
g
[m
s2

]
= TG 9810 [N ] (6.55)

It now follows a list of tables with the acquired datasets.

The first test was carried out by varying the code, maintaining the supply

voltage (VDD) equal to 11 [V ]. Table 6.2 shows the measured data.

Code Voltage Lift Lift Speed
[−] v [V ] TG [g] TN [N ] ωM [rad s−1]
96 4.14 60.2 0.59 628
104 4.49 69.0 0.68 679
112 4.83 82.3 0.81 727
120 5.18 94.5 0.93 771
128 5.52 105 1.03 815
136 5.87 116 1.14 862
144 6.21 129 1.27 904
152 6.56 140 1.37 945
160 6.90 151 1.48 985

Table 6.2: identification test 1
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The second test was carried out by varying the code, maintaining the supply

voltage (VDD) equal to 10.5 [V ]. Table 6.3 shows the measured data.

Code Voltage Current Lift Lift Speed
[−] v [V ] i [A] TG [g] TN [N ] ωM [rad s−1]
104 4.28 0.77 61.1 0.60 619
112 4.61 0.84 70.3 0.69 651
120 4.94 0.91 82.0 0.80 704
128 5.27 1.00 92.7 0.91 748
136 5.60 1.10 102.7 1.01 792
144 5.93 1.21 114.6 1.12 836
152 6.26 1.32 123.5 1.21 862
160 6.59 1.46 135.2 1.33 903
168 6.92 1.62 145.9 1.43 932
176 7.25 1.83 155.0 1.52 976
184 7.58 2.04 164.4 1.61 992
192 7.91 2.25 180.4 1.80 1035

Table 6.3: identification test 2

The third test was carried out by varying the code, maintaining the supply

voltage (VDD) equal to 11 [V ]. Table 6.4 shows the measured data.

Code Voltage Current Lift Lift Speed
[−] v [V ] i [A] TG [g] TN [N ] ωM [rad s−1]
192 8.28 2.38 205 2.01 1082
200 8.63 2.64 220 2.16 1117
208 8.97 2.85 233 2.28 1152
216 9.32 3.15 245 2.40 1184

Table 6.4: identification test 3

The fourth test was carried out by varying the supply voltage (VDD), main-

taining the code equal to 80. Table 6.5 shows the measured data.
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VDD Voltage Current Speed
VDD [V ] v [V ] i [A] ωM [rad s−1]

9 2.8235 0.2600 409.9150
9.5 2.9804 0.3400 439.8230
10 3.1373 0.4700 467.9716

10.5 3.2941 0.6500 478.5274
11 3.4510 0.8700 510.1946

11.5 3.6078 1.1300 533.0654
12 3.7647 1.4500 559.4548

12.5 3.9216 1.7400 577.0477
13 4.0784 2.0800 606.9557

Table 6.5: identification test 4

The fifth test was carried out by varying the code, maintaining the supply

voltage (VDD) equal to 11.1 [V ]. Table 6.6 shows the measured data.

Code Voltage Speed
[−] v [V ] ωM [rad s−1]
32 1.39 185
40 1.74 238
48 2.09 311
56 2.44 352
64 2.79 417
72 3.13 464
80 3.48 521
88 3.83 575
96 4.18 628
104 4.53 679
112 4.88 727
120 5.22 771
128 5.57 815
136 5.92 862
144 6.27 904
152 6.62 945
160 6.96 985

Table 6.6: identification test 5
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The sixth test was carried out by varying the code, maintaining the supply

voltage (VDD) equal to 11 [V ]. Table 6.7 shows the measured data.

Code Voltage Current Speed
[−] v [V ] i [A] ωM [rad s−1]
128 5.52 0.72 792
160 6.9 1.22 968
192 8.28 2 1126
224 9.66 2.9 1249

Table 6.7: identification test 6

The seventh test was carried out by varying the code, maintaining the supply

voltage (VDD) equal to 11 [V ]. In addition, the propeller speed was mechanically

fixed to zero. Table 6.8 shows the measured data.

Code Voltage Current
[−] v [V ] i [A]
96 4.14 1.5
128 5.52 2.9
160 6.9 4.5

Table 6.8: identification test 7

It can be noted that almost all the experiments were done by varying the

code. Just in the fourth test, a voltage supply (VDD [V ]) swing was applied.

Furthermore, the lift information was collected in the first three tests. The voltage

information (v [V ]) is directly calculated from the code and the voltage supply

as shown in equation (6.56).

v = VDD
code

255
(6.56)

In the last test, the maximum current with zero motor speed was investigated.

It can be noted how high the current becomes by increasing the voltage.
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With the previous tables, it was possible to create graphs to visualize the

trend of some variables respect to other ones.

To estimate the thrust factor b, the plot of the lift TN over the squared pro-

peller speed ω 2
P can be investigated. Since a graphic method was used, the sub-

script GRP was added (to distinguish it from the other methods). The dataset

used, was collected from all the previous tables containing TN and ωM . Figure

6.18 shows the graph.
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Figure 6.18: Lift vs speed squared

It can be seen that figure 6.18 shows both the ”raw” experimental data and the

linearized ones. This last track was derived from linear regression (see appendix

B) of the previous raw data. The method provide a linear approximation between

the lift and the propeller speed squared according to equation (6.57).

TN = −0.122 + 55.6× 10−6 ω 2
P (6.57)

From equation (6.57), it follows the derivation of the thrust bGRP .

bGRP =
∂ TN
∂ ω 2

P

= 55.6× 10−6 [N s2] (6.58)

Another interesting plot is the relation between the propeller speed ωP and the

voltage v. It can be seen from figure 6.19 and equation (6.59) that the propeller

speed squared goes linearly with the voltage. Actually, the values of the voltage

under 4 [V] follow another trend. However this behavior is far from the working

point, hence neglected.
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Figure 6.19: Speed squared vs voltage

ω 2
P = −14.7× 103 + 6.4× 103 V (6.59)

The plot of the lift respect to the voltage is useful because it is linear (as

first approximation) and can be easily implemented in the control loop of the

microcontroller. Figure 6.20 and equation (6.60) show this relation.
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Figure 6.20: Lift vs voltage

TN = −0.91 + 0.35 V (6.60)
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To estimate the electric motor resistance R and constantKE, the linear regres-

sion was used one more time. It is a good method because it is easy to evaluate

the quality of the approximation.

The motor equation is reported in equation (3.33) and copied in (6.61) for

simplicity.

v = R i+KE ωM (6.61)

The first method to get a linear trend is to divide both members of equation

(6.61) by the motor speed ωM according to equation (6.62).

v

ωM
= KE +R

i

ωM
(6.62)

According to equation (6.62) it is easy to consider KE as offset and R as

linear coefficient. The independent variable becomes the ratio of the current to

the motor speed i
ωM

, while the dependent variable is composed of the ratio of the

voltage to the motor speed v
ωM

. Figure 6.21 shows the graph.
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Figure 6.21: v
ωM

vs i
ωM

Equation (6.63) shows the linear regression approximation.

v

ωM
= 6.3× 10−3 + 0.61

i

ωM
(6.63)

From equation (6.63), it follows the derivation of the resistance RLR1 [Ω] and

electric constant KELR1
[V s rad−1]. The subscript LR1 characterize the first
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acquisition with the linear regression method.

RLR1 = 0.61 [Ω] (6.64)

KELR1
= 6.3× 10−3 [V s rad−1] (6.65)

The second method to get a linear trend is to divide both members of equation

(6.61) by the current i according to equation (6.66).

v

i
= R +KE

ωM
i

(6.66)

According to equation (6.66) it is easy to consider R as offset and KE as linear

coefficient. The independent variable becomes the ratio of the motor speed to the

current ωM
i

, while the dependent variable is composed of the ratio of the voltage

to the current v
i
. Figure 6.22 shows the graph.
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Figure 6.22: v
i vs ωM

i

Equation (6.67) shows the linear regression approximation.

v

i
= 0.58 + 6.3× 10−3 ωM

i
(6.67)

From equation (6.67), it follows the derivation of the resistance RLR2 [Ω] and

electric constant KELR2
[V s rad−1]. The subscript LR2 characterize the second

acquisition with the linear regression method.

RLR2 = 0.58 [Ω] (6.68)

KELR2
= 6.3× 10−3 [V s rad−1] (6.69)
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Another interesting method to estimate the electric motor resistance R and

constant KE is to calculate the RMS relative error of the voltage for several values

of R and KE. The variables which better fit the function are those which provide

the lowest RMS relative error.

The motor voltage can be evaluated from the experimental dataset (vEXP [V ]),

or estimated from other values (vEST [V ]). Equation (6.70) shows how to calculate

the estimated voltage.

vEST = R i+KE ωM (6.70)

Where both the current i and the motor speed ωM are taken from the exper-

imental dataset. The definition of the relative error εk [−] is given according to

equation (6.71).

εk =
vEXP − vEST

vEXP
(6.71)

The subscript k [−] is a variable which goes from 1 to n [−], where n is the

number of data acquired. For each couple of values of R and KE, the RMS

relative error εRMS [−] is calculated over all the n experiment points. Equation

(6.72) shows the RMS relative error in function of the relative error εk.

εRMS =

√√√√ 1

n

n∑
k=1

ε 2
k (6.72)

By choosing a reasonable range of R and KE, it is easy to plot the the RMS

relative error matrix and verify that it has a minimum. Figure 6.23 shows the

3D plot of the RMS relative error matrix.
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Figure 6.23: 3D plot of the RMS relative error matrix in function of R and Ke

Another way to represent the information of figure 6.23 is to plot the isohypse

in a 2D graph. This means that it is possible to draw a series of curves which

represent points with the same RMS relative error value. Figure 6.24 shows the

2D isohypse graph.
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Figure 6.24: 2D plot of the RMS relative error isohypse in function of R and Ke

From figure 6.24, it follows the derivation of the resistance RRMS [Ω] and

electric constant KERMS
[V s rad−1]. The subscript RMS characterize RMS

relative error minimization method.

RRMS = 0.61 [Ω] (6.73)

KERMS
= 6.3× 10−3 [V s rad−1] (6.74)



78 Chapter 6. Identification of the constants

6.6 Constants comparison

This section compares the constants found with more than one of the previous

methods and defines their final values. Table 6.9 shows the constants summary.

Measure b [N s2] KE [V s rad−1] R [Ω]

Basic RBSC 1.1

Aerodynamics
bBET 53.8× 10−6

bMT 53.1× 10−6

Datasheet KEDAT 4.6× 10−3 RDAT 1.05

Experimental

bGRP 55.6× 10−6

KELR1
6.3× 10−3 RLR1 0.61

KELR2
6.3× 10−3 RLR2 0.58

KERMS
6.3× 10−3 RRMS 0.61

Table 6.9: Constants comparison

To estimate the value of the thrust factor b, three therms can be considered.

Since all these variables take into account some experimental consideration, their

values are very similar (±3%). The final thrust factor is calculated as the average

of all the three components: b = 54.2× 10−6 [N s2].

The estimation of the motor electric constant KE takes into account four

therms. The datasheet value differ a lot from the other ones (−27%). How-

ever, this situation is totally comprehensible because the datasheet data have

high tollerances to describe a wide group of coponents. Therefore, the final mo-

tor electric constant is calculated just as the average of the three experimental

components: KE = 6.3× 10−3 [V s rad−1].

Finally, it is possible to estimate the motor resistance R by considering five

therms. As in the previous case, the datasheet value is quite far from the other

for the same reasons as before. Furthermore, the value taken with the RLC meter

is very accurate, but it defines another point of work (where the voltage is almost

zero). Therefore, the final motor resistance is calculated, once again, just as the

average of the three experimental components: R = 0.6 [Ω].



Chapter 7

Sensors: SONAR, IR & IMU

In this chapter, the main quadrotor’s sensors are presented. They are funda-

mental to identify the robot’s attitude and its height from the ground. Further-

more, thanks also to a network of distance sensors, it is possible to accomplish

obstacle avoidance and trajectory planning on a high level controller.

The first section (7.1: SONAR module) gives an overview of the SONAR

module. Particular attention is given to the performance, the interface with the

microcontroller (through I2C) and the communication protocol.

The second section (7.2: IR module) gives an overview of the IR module.

It focuses on the performance, the hardware interface with the microcontroller

(through ADC) and the interpolation of the module characteristic for the distance

estimation.

The third section (7.3: IMU) gives an overview of the IMU. Particular atten-

tion is given to its inner sensors and its performance. Furthermore the interface

with the microcontroller (through UART) and its communication frame are pre-

sented.
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7.1 SONAR module

SONAR is the acronym of SOund Navigation And Ranging, which identifies a

sensor capable of measuring a distance through ultrasound waves. There are a lot

of different types of SONAR systems according to the desired characteristics. In

this work the model SRF08 (from Devantech) has been adopted. It is composed

of two ultrasound capsules, a light sensor, a PIC microcontroller and other needed

circuitry.

The two capsules are transducers which convert ultrasonic waves into electrical

signals and vice versa. One capsule is used for the wave transmission while the

other one for the wave reception. An on-board light sensor is included in the

device to get the additional light information. The microcontroller is the ”brain”

of the module. It allows the communication with other digital devices (through

I2C) and provides the right signal conditioning to and from the ultrasonic capsules

and the light sensor. Furthermore there is other circuitry which is needed to

correctly interface the microcontroller and the transducers. A picture of the

Sonar module is shown in figure 7.1.

Figure 7.1: SRF08 SONAR photo

The SONAR (combined with an IR module) is used in this project to esti-

mate the height of the quadrotor from the ground. Therefore it is mounted on

the bottom of the robot, pointing downwards (it has the same direction as the

zB axis in the body-fixed frame). Generally this direction is not the same as zE

(measured in the earth inertial frame) because it depends on the quadrotor atti-

tude. To calculate the earth inertial frame distance (Z), the SONAR data must

be multiplied by the cosine of the roll angle (φ) and by the cosine of the pitch

angle (θ). These two angles are measured with the IMU (presented in section

7.3).
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The features of the SRF08 SONAR module are [42]:

• Digital data output through I2C interface.

Since the communication between SONAR and MCU is digital, all the raw

signal processing is done directly in the module and not accessible from the

extern. Hence it is not possible to add a measure error during the data

transfer (this is not verified if the output is analogue). The main drawback

of this solution is that the MCU must handle a complex communication,

therefore it assigns dedicated hardware and adds delays in the process. The

I2C frame communication is explained at the end of this section.

• Range from 0.03 to 6 [m].

The range of this sensor is quite wide. This characteristic makes it suit-

able for mobile robotic applications, where an indoor scenario with several

obstacles is possible.

• Resolution of about 0.01 [m].

The resolution of ”just” one centimeter is ideal for the purpose of the height

control. With a worse one it would have been difficult to stabilize the

quadrotor on a certain reference because the sensor would have provided a

rough feedback.

• Acquisition period of 70× 10−3 [s] (a frequency of 14 [Hz]).

One of the drawbacks of this module is its slowness. To allow a full range

detection, the SONAR must wait long enough to acquire an echo from a 6

meters obstacle. Furthermore the module sends eight ultrasound impulses

(ping) for each read cycle to achieve a good accuracy and avoid wrong

detections. All these features are paid with delays.

• Beam angle of 55 [deg].

This value is typical for SONAR modules. It comes from the physics of

ultrasonic capsules. With this (wide) angle it is easy to detect obstacles

even if they don’t lie in the perfect direction of the sensor. On the contrary,

it is not possible to estimate a certain straight distance if an obstacle lie

in the proximity and reflects the wave as it was ”in-line” with the sensor

direction.
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• Weight of 12 [g].

The light weight makes this module suitable for unmanned aerial vehicle.

• Average power consumption of 50× 10−3 [W] (= 10× 10−3 [A] at 5 [V]).

The power consumption of the module is considerably low. Therefore it

does not affect the design of the power supply source, which instead has to

deliver a lot of energy to the motors.

The I2C frame communication is needed to allow the MCU-SONAR interface.

The MCU act as a master and imposes the timing. It provides two main com-

mands: ”START RANGING”, which makes the SONAR start the procedure to

measure the distance, and ”READ DATA”, which reads the SONAR information

once it has finished ranging. Figure 7.2 shows a flow chart of the signals in the

frame communication. The labels with a red background specify the information

flow from the MCU to the SONAR. Those with a green background shows instead

a communication in the opposite direction (from SONAR to MCU).

Figure 7.2: I2C communication

”START” and ”STOP” are hardware-detected signals which allow synchro-

nization. ”ACK” represents the acknowledge and it means that the data have

been correctly received. On the contrary ”NACK” is the negative acknowledge

and it is used when an error occurs or when no more data are requested. The

labels preceded by ”0x” represent a hexadecimal byte. ”0xE0” and ”0xE1” are

the SONAR address for read and for write operations respectively. ”0x00” is

the internal address of the command register. ”0x51” is the command to start

the SRF08 ranging with the output data directly in centimeters. The SONAR

data are collected in 4 bytes: ”SOFTWARE” represent the software revision,

”LIGHT” returns the brightness acquired from the light sensor, ”H DIST” and

”L DIST” give respectively the high and the low bytes of the measured distance.
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7.2 IR module

IR is the acronym of InfraRed, which identifies a light wave within a certain

frequency range. These waves can’t be seen by people because human eyes are

not sensible in this interval (even though IR is quite close to the visible range).

The IR module (or system) is a device capable of measuring a distance through

IR waves. There are a lot of different types of these systems according to the

desired characteristics and the technology used for the ranging (triangulation,

phase shift, time of flight, ...). In this work the model GP2Y0A02YK (from

Sharp) has been adopted. It is composed of one light emitter, one light detector,

a signal processing circuit and other needed circuitry as shown in figure 7.3.

Figure 7.3: IR Internal Block Diagram

The IR Light-Emitting Diode (LED) is a transducer which converts electri-

cal signals into IR waves. On the contrary the Position-Sensitive Device (PSD),

composed of a photodiodes array, applies a physic conversion in the opposite

way: from IR waves to electrical signals. The analyzed IR module adopts the

triangulation strategy to compute the distance estimation. The IR LED sends a

light beam. When it runs into an obstacle, most of the incident light is reflected

according to the object reflectivity. Part of these reflected beam will be collected

from a lens and focused in a small area of the PSD. Thanks to geometric consid-

eration it is possible to calculate the distance according to the lighted photodiode

(or photodiodes) in the PSD. Figure 7.4 shows the triangulation strategy.
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Figure 7.4: triangulation strategy

The signal processing circuit is the ”brain” of the module. It creates the right

signal conditioning to and from the optical devices and provides a certain analog

output according to the measured distance. The oscillation circuit modulates on-

off the IR waves. It is needed to reduce interferences between the ambient light

and that one from the LED. Furthermore, modulated signals are much easier and

more reliably detected by a demodulator. The voltage regulator is an additional

circuit to stabilize the power supply in the device. Likewise, the output circuit

is needed to provide a signal directly readable from a microcontroller (range of

a few volts and low output impedance). The LED drive circuit is composed of

other circuitry which is needed to correctly interface the signal processing circuit

to the LED. A picture of the IR module is shown in figure 7.5.

Figure 7.5: IR module photo

The IR module (as well as the SONAR) is used in this project to estimate

the height of the quadrotor from the ground. Therefore it is mounted close to

the SONAR on the bottom of the robot, pointing downwards. To calculate the

earth inertial frame distance (Z), the IR data must be multiplied by the cosine

of the roll angle (φ) and by the cosine of the pitch angle (θ). These two angles

are measured with the IMU (presented in section 7.3).
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The features of the GP2Y0A02YK IR module are [43]:

• Analogue data output.

The communication between the IR module and the MCU is analogue, there-

fore just an internal ADC block is used and no considerable delays are added

in the process. The main drawback of this solution is that there is a measure

error during the data conversion (this is not verified if the output is digital).

Furthermore, as Sharp recommends, an RC low pass filter was added on the

output to reduce the noise on the line. The values of the resistance and the

capacitance are 22× 103 [Ω] and 150× 10−9 [F ] respectively.

• Range from 0.2 to 1.5 [m].

The range of this sensor is quite wide (even though the SONAR described

before has a wider one). This characteristic makes it suitable for mobile

robotic applications, where an indoor scenario with several obstacles is pos-

sible. A drawback of this module is that the minimum range is 0.2 [m].

Furthermore the distance measure does not saturate for values less than the

minimum, but it provides ambiguous data. Therefore the SONAR must be

used to determine whether he IR data is valid or not, in low range distances.

• Resolution depending on the distance.

With a distance of 0.2 [m] the resolution is less than 0.01 [m].

With a distance of 0.7 [m] the resolution is less than 0.02 [m].

With a distance of 1.5 [m] the resolution is less than 0.05 [m].

The resolution is good for short distances, but it get worse by increasing

the measured height. However it is still acceptable even because both the

IR module and the SONAR contribute in the distance estimation.

• Acquisition period of 40× 10−3 [s] (a frequency of 25 [Hz]).

This module is quite slow, but still faster than the SONAR. The reason of

this long acquisition period is that the IR module computes a mean of 16

pulses for each distance value to reduce possible errors.
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• Beam angle less of 5 [deg].

This value depends on the LED optics. According to the performance there

are IR modules with different angles of detection. Since the beam angle

of the GP2Y0A02YK is quite narrow it is possible to estimate a certain

straight distance even if an obstacle lie in the proximity (with a wider angle,

the obstacle can corrupt the measure).

• Weight of 7 [g].

The light weight makes this module suitable for unmanned aerial vehicle.

• Average power consumption of 150× 10−3 [W] (= 30× 10−3 [A] at 5 [V]).

The power consumption of the IR module is considerably low (even if it

is three times bigger than the SONAR one). Therefore it does not affect

the design of the power supply source, which instead has to deliver a lot of

energy to the motors.

Since the output voltage to distance characteristic is not linear, a 34 point lin-

earization look-up table has been taken into account to describe in detail the

curve. Furthermore, a linear interpolation was added to calculate the distance

value on the linearized segment to achieve better accuracy. Figure 7.6 shows the

IR module output characteristic.

Figure 7.6: Analog output voltage vs. distance to reflective object
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7.3 IMU

IMU is the acronym of Inertial Measurement Unit, which identifies a sensor

capable of measuring the orientation (attitude) of a body through inertial sen-

sors. In this work the device MTi-G (from Xsens) has been adopted. The core

of the MTi-G is composed of an integrated GPS, an IMU and an attitude and

heading reference system processor. The inertial low-power signal processor runs

a real-time Xsens Kalman Filter (XKF) providing inertial enhanced position and

velocity estimates. It also provides drift-free GPS enhanced 3D orientation es-

timates, as well as calibrated 3D acceleration, 3D rate of turn (rate gyro), 3D

earth-magnetic field data and static pressure. Furthermore the device is equipped

with a flash memory, a power supply circuit and a RS232 transceiver [44]. Figure

7.7 shows the architecture overview.

Figure 7.7: IMU architecture

The GPS receiver allows to determine the global position and the flight head-

ing with great accuracy. Even though it is a powerful instrument, it was not used

in this work for two reasons:

• The stabilization algorithm must work correctly even with no GPS data

(this is the case of a normal indoor scenario).

• This project focused on the low level controller, while the GPS is one of the

feedbacks of the high level controller.

However the GPS will be surely used in future works with this hardware (this is

the reason for interfacing a device with both IMU and GPS).
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The sensors mounted on the MTi-G are:

• Three orthogonal Micro Electro-Mechanical System (MEMS) accelerometers

(used to measure the accelerations in the three fixed-body axes).

• Three orthogonal MEMS gyroscopes (used to measure the rate of turn with

respect to the three body-axes).

• Three orthogonal thin magnetoresistive film magnetometers (used to mea-

sure the direction of the magnetic north).

• A MEMS barometer (used to measure the static pressure).

• Several temperature sensors (used to allow compensation for temperature

dependency of the various sensors).

The accelerometers, gyroscopes and magnetometers are interfaced with the

Digital Signal Processor (DSP) through a 16 bit Analog to Digital Converter

(ADC). Furthermore the MTi-G is equipped with a non-volatile flash memory

where the configuration options and the filter data are stored.

The DSP is the ”brain” of the device. It processes the data from the flash

memory, the GPS and the sensors introduced above. After the elaboration of all

these inputs, the DSP provides the information about the body movements and

position in the format specified in the configuration. These data are externally

accessible through an RS232 transceiver.

Furthermore, the MTi-G has also a circuit which filters the power supply and

provides the required analogue and digital references. A picture of the IMU is

shown in figure 7.8.

Figure 7.8: MTi-G IMU photo
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The IMU is used in this project to measure the attitude of the helicopter

(since the GPS is not used, no further information is available). It is mounted on

the top of the robot with its three main axes aligned with the body-fixed ones.

The features of the MTi-G IMU are [44]:

• Digital data output through serial interface.

The communication between IMU and MCU is digital, therefore it is easy

to read the information through a Universal Asynchronous Receiver Trans-

mitter (UART). Since the data flow is one-way (from IMU to MCU), just

two bits are used for the communication (in addition to the power supply).

The UART frame communication is explained at the end of this section.

• Acceleration full scale of about ± 50 [m s−2].

Rate of turn full scale of about ± 300 [deg s−1].

Magnetic field full scale of about ± 75× 10−6 [T ].

The range of this sensors is quite wide, therefore no saturation is verified.

• GPS position accuracy of about 2 [m].

Attitude angular resolution of about 0.05 [deg].

Static accuracy (roll/pitch) less than 0.5 [deg].

Static accuracy (yaw) less than 1 [deg].

Even though the angular resolution is quite good, the static accuracy is

much more restrictive. The GPS is not used in this work.

• Dynamic accuracy (roll/pitch) of about 1 [deg] RMS.

Dynamic accuracy (yaw) of about 3 [deg] RMS.

It can be noted that the dynamic accuracy is quite rough.

• GPS position update rate of 4 [Hz].

Attitude update rate of 100 [Hz].

The attitude update rate is quite fast, therefore this device has been chosen

as the main control loop frequency.
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• Weight of 100 [g].

The light weight makes this module suitable for unmanned aerial vehicle

(the weight measure includes both the device and the connector).

• Average power consumption of 750× 10−3 [W] (= 150× 10−3 [A] at 5 [V]).

The power consumption of the MTi-G is higher than that of SONAR and

IR modules. However, as for the other devices, it does not affect the design

of the power supply source, which has to deliver much more energy.

The UART frame communication is needed to allow the IMU-MCU interface.

The IMU act as a master and imposes the timing. Therefore the main control

loop on the MCU is triggered directly by the IMU frame. Even though the bit

rate is quite high (115.2×103 [bit s−1]), the delay between the beginning and the

end of the frame is about 8× 10−3 [s]. This interval is so long because the IMU

data processing is computed during the communication (and not before). The

frame is composed of six field as shown in figure 7.9.

Figure 7.9: IMU communication

In the next list, each code preceded by ”0x” represents a hexadecimal byte.

• The ”PREAMBLE” (1 byte, 0xFA) indicates the start of the packet.

• ”BID” (1 byte, 0xFF) specifies the bus identifier or address.

• ”MID” (1 byte, 0x32) is the message identifier (MTData in this case).

• ”LEN” (1 byte, 0x0C) represents the number of bytes in the ”DATA” field.

• ”DATA” (12 bytes) specifies the attitude data. It is composed of the three

Euler angles (roll, pitch and yaw). Each one is represented (in degrees) with

four bytes in the fixed point signed 12.20 format.

• ”CHECKSUM” (1 byte) is used for communication error-detection. If all

the message bytes (excluding the preamble) are summed and the lower byte

value of the result equals zero, the message is valid.
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Actuators: motor drivers

In this chapter, the quadrotor’s motor drivers are presented. They are fun-

damental to interface the Micro Controller Unit (MCU) outputs to the motors

(connected with the propellers). Furthermore, thanks to the integrated circuit

TD310, it is possible to limit the maximum output current and to process its

value providing an analog signal to the MCU.

The first section (8.1: Schematic design) introduces the program for schematic

design OrCAD Capture. It provides an overview of the driver circuit needed to

interface the motors to the MCU. Furthermore the Choice of the components and

their connections is reported.

The second section (8.2: Simulation) shows a few simulations of the circuit

presented in the previous part. The program used to analyze the schematic is

OrCAD PSpice. Particular attention is given to the switch phase of the motors

voltage and to the frequency response of the current filter.

The third section (8.3: PCB design) underlines the importance of a Printed

Circuit Board (PCB) design. The program used in this phase is OrCAD Layout.

With this process, the circuit acquires robustness and minimizes space and weight.

The fourth section (8.4: Realization & final tests) shows the steps for the

final circuit realization. Furthermore a few tests are reported (two oscilloscope

screenshots are also attached).



92 Chapter 8. Actuators: motor drivers

8.1 Schematic design

OrCAD is a proprietary software tool suite used primarily for Electronic De-

sign Automation (EDA). It is adopted mainly to design electronic schematics,

process their simulations and realize Printed Circuit Boards [39]. The OrCAD

suite has been used in this work because of its powerful tools and its versatility.

OrCAD Capture is the software used for circuit schematic capture.

A motor driver must be connected between the MCU and the motor because

it amplifies the electric power. Without a driver, it is not possible to supply one

of the quadrotor’s motor (more than 30 [W]) with a digital MCU output (less

than 0.05 [W]). Furthermore an analog filter is designed to provide the average

motor current signal to the MCU.

The core of the driver is the integrated circuit TD310. It is a triple IGBT/MOS

driver with current sense. Even though it has three different inputs, it has been

decided to drive them with the same signal to obtain an output with three times

the current capability (obtained by short-circuiting all the outputs). The TD310

includes a current sense comparator which inhibits the output drivers in case of

overcurrent. An alarm output signals this event. An operational amplifier is also

included for current measurement (as an amplifier before the ADC’s input of the

MCU). The block diagram of the TD310 is shown in figure 8.1.

Figure 8.1: TD310 block diagram
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Since each output can sink and source a current of 0.2 [A] maximum, the

global output can supply 0.6 [A]. To deliver the right power to the motor, a

power Metal-Oxide-Semiconductor Field-Effect Transistor (MOSFET) has been

adopted. Its gate is connected (with a 22 [Ω] series resistor) to the TD310 output.

The features of the RFP25N05 MOSFET are:

• Maximum drain current = 25 [A].

• Maximum drain-source voltage = 50 [V].

• Drain-source on resistance = 0.047 [Ω].

• Gate threshold voltage = 2 ÷ 4 [V].

• Maximum turn on time = 60× 10−9 [s].

• Maximum turn off time = 100× 10−9 [s].

• maximum power dissipation 72 [W].

To measure the motor current (equal to the MOSFET one) a 0.1 [Ω] power

resistor has been connected between the transistor source and the ground. The

motor is instead placed between the drain and the power supply. A STTH2R06

fast recovery rectifier diode is connected in parallel to the motor (with its anode

toward the MOSFET drain) to avoid transistor damages. It has an average

forward current of 2 [A] and a typical reverse recovery time of 35× 10−9 [s].

The current information on the 0.1 [Ω] resistor is low-pass filtered and am-

plified through a Sallen-Key architecture using the operational amplifier in the

TD310. Furthermore, to avoid MCU damages, the series of a 100 [Ω] resistor

and 5.1 [V] zener diode is connected to the amplifier output. Thank to this con-

figuration, the zener voltage (connected to the MCU) saturates at 5.1 [V] if the

amplifier one is higher.

Another series of resistor and zener diode is used to provide a stable voltage

reference to the TD310’s enable and the TD310’s maximum current reference.

The resistor is actually composed of two 1000 [Ω] parallel resistors. Furthermore

a 100 × 10−9 [F] capacitor is added in parallel to the zener diode to reduce its

voltage oscillations. Figure 8.2 shows the electronic schematic of the motor driver.
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Figure 8.2: Motor driver schematic

In addition, a filter on the motor power supply is added to prevent spikes

propagation on the logic power supply. The filter is composed of a 1 × 10−3 [H]

inductor and a 470×10−6 [F] capacitor. Figure 8.3 shows the electronic schematic

of the motor driver supply.

Figure 8.3: Motor driver supply schematic

To filter and amplify the motor current signal, it is a good choice to use

the operational amplifier integrated in the TD310. A common architecture for

this purpose is the low-pass Sallen-Key one. It is composed of an operational

amplifier, four resistors and two capacitors. For simplicity they will be named

R1, R2, R3, R4, C1 and C2. Figure 8.4 shows the schematic of this configuration

[45].
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Figure 8.4: Low-pass Sallen-Key architecture

The (ideal) low-pass Sallen-Key transfer function is shown in equation (8.1)

VO
VI

=
K

s2 (R1 R2 C1 C2) + s (R1 C1 +R2 C2 +R1 C2 (1−K)) + 1
(8.1)

Where K is the filter gain equal to 1 + R4/R3. In this work its value has

been set to ten. Therefore the choice of the resistors R4 and R3 has one degree

of freedom. These components values have been fixed to: R3 = 7.5× 103[Ω] and

R4 = 68× 103 [Ω].

By assuming C1 = C2 = C and R1 = m R2 = m R, the expressions of the

cut-off frequency (fc) and the quality factor (Q) can be rearranged as shown in

equations (8.2) and (8.3).

Q =

√
R1 R2 C1 C2

R1 C1 +R2 C2 +R1 C2 (1−K)
=

√
m

1 + 2 m−m K
(8.2)

fc =
1

2π
√
R1 R2 C1 C2

=
1

2π R C
√
m

(8.3)

By imposing the cut-off frequency equal to 100 [Hz], the quality factor equal

to
√

2/2 [-] (Butterworth poles) and the capacitor C equal to 100 ×10−9 [F], the

filter components are the following:

• R1 = 4.3 ×103 [Ω].

• R2 = 56 ×103 [Ω].

• C1 = C2 = C = 100 ×10−9 [F].
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8.2 Simulations

The simulation is a fundamental phase of the circuit prototyping. It consists

in applying different signals in the circuit and analyzing the components behavior.

With the software used in this phase (PSpice) several tests can be applied: bias,

time domain (transient), temperature (sweep), AC or DC analysis, ...

The main strengths of this tool are:

• Tests done during simulation are always not destructive while those on the

real circuit can be.

• In simulation it is possible to observe several parameters not directly acces-

sible in the real circuit.

For these reasons, a lot of simulations were carried out during this work to

verify the circuit behavior before proceeding with the layout process. In this

section three tests are presented.

Figure 8.5 shows the behavior of the MOSFET during the transitions on-off

and off-on. The red trace represents the input signal of the motor driver provided

from the MCU. The green one shows the drain to source MOSFET voltage. It

can be noted that both the MOSFET transitions last more than the input ones.

The blue trace represents the drain current. A high spike (17 [A]) can be noted

during the MOSFET turn on.

Figure 8.5: MOSFET transitions with PSpice time domain simulation
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Figure 8.6 shows the frequency response of the current filter. A bilogarithmic

representation has been chosen to emphasize the position of the double pole (100

[Hz]) and to verify the frequency trend. It’s easy to note that the low frequency

amplification is 10 [-], while the high frequency one descend with a 100 factor

each decade (40dB/dec).

Figure 8.6: Current filter frequency response PSpice AC sweep simulation

Figure 8.7 shows the zener diode voltage in function of the logic power supply.

For voltages between 9 [V] and 16 [V] the error (respect of the 5.1 [V] nominal

value) is kept under 0.05 [V] (1%).

Figure 8.7: Zener diode stability with PSpice DC sweep simulation
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8.3 PCB design

The Printed Circuit Board (PCB) design is a delicate part of the prototyping.

It consists in defining the components topology and routing all the signals avoid-

ing crossings. With the software used in this phase (OrCAD Layout) the placing

and routing are aided with tools to simplify the process and reduce errors. With

the files generated from OrCAD Layout, it is possible to program a machine for

PCB realization and obtain the physic board. There are machines capable also

to place components and solder them...

Thanks to the PCB design process, the circuit acquires robustness and mini-

mizes space and weight. In this work, the power drive board has the size of just 4

times 6 centimeters and the weight of about 40 grams. Since the quadrotor mo-

tors are four, a equal number of motor drivers will be needed. Figure 8.8 shows

the PCB top layer (on the left) and the PCB bottom layer (on the right).

Figure 8.8: PCB top & bottom layers view

Figure 8.9 shows the PCB top view with the components footprints and labels.

Figure 8.9: PCB components view
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8.4 Realization & final tests

The Realization & final tests are the last two steps of the circuit prototyping.

The realization of the circuit can be done in several ways. In this project, three

different boards have been developed:

• In parallel with the design of the circuit schematic, a prototype on a bread-

board were built to verify the correctness of both the OrCAD model of the

components and the real system behavior.

• Since the power part requires high currents, a realization on stripboard were

performed to allow a full circuit testability.

• The last (and definitive) prototype was built on the PCB support created

in the previous section. The PCB must work correctly because in this phase

is hard to find and correct mistakes.

The final tests step consists in using a multimeter, a waveform generator and

an oscilloscope to verify the correctness of each part of the circuit. After the

acquisition of these data, it is possible to compare the results with simulations

and expectations. Figure 8.10 shows a photo (on a 1:1 scale) of the motor driver

circuit in its final version.

Figure 8.10: Power board photo

Figure 8.11 and 8.12 show two oscilloscope snapshots. In yellow the PWM

input signal from the MCU is represented while in green is shown the PWM

output from the TD310. The signal given to one motor terminal is violet colored

(the other terminal is connected to the motor power supply). The last waveform

(the pink one) is acquired from the output of the current filter.



100 Chapter 8. Actuators: motor drivers

In figure 8.11 the PWM output duty cycle is about 95%. Oscillations appear in

the motor signal because of instantaneous current limitation in the power supply.

The motor current is about 4.2 [A].

Figure 8.11: Oscilloscope snapshot with PWM out duty cycle = 95%

In figure 8.11 the PWM output duty cycle is about 15%. Oscillations appear

even in this motor waveform. Furthermore it is easy to see the slow motor turn-off

ramp (caused by the the motor indutor). The average current is much less than

that one in the previous case: it is just 0.1 [A].

Figure 8.12: Oscilloscope snapshot with PWM out duty cycle = 15%
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STR730 Micro Control Unit

In this chapter, the STR730 Micro Control Unit is presented. It can be con-

sidered the brain of the quadrotor system since it organizes the communications

of all the devices. The peripherals interface and timing is moreover a delicate

issue. The software code and architecture allow to keep the whole system under

controll and stabilize the helicopter movements.

The first section (9.1: STR730 MCU overview) introduces the Microcontroller

features. A lot of peripherals are integrated in the MCU through dedicated

hardware to allow a wider range of interfaces and applications. The evaluation

board ARMIC30 helped to test them easily.

The second section (9.2: Peripherals organization) shows how the quadrotor

system is organized. A table presents the characteristics of the MCU’s peripherals

and their use. Furthermore all the devices and boards are reported in a block

diagram to visualize their interconnections.

The third section (9.3: Software architecture) presents the software structure.

A flow chart of the algorithm is presented to better understand the main control

cycle and its timing. In addition, it was possible to observe the variables trend

and set control parameters through a Matlab interface.
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9.1 STR730 MCU overview

The STR7 family of 32-bit microcontrollers combines the industry-standard

ARM7TDMI 32-bit Reduced Instruction Set Computer (RISC) core, featuring

high performance, very low power and very dense code with a comprehensive

set of peripherals and ST’s latest embedded flash technology. The ARMIC30

evaluation board used in this work mounts the MCU STR730FZ2T7. Its main

features are [46]:

• 32 Million Instruction Per Second (MIPS) at 36 MHz.

Two clock sources are used to drive the microcontroller, a main clock driven

by an external crystal resonator and an internal backup RC oscillator that

operates at 2MHz or 32 kHz. The embedded PLL is configured in this work

to generate an internal system clock of 36 MHz. The PLL output frequency

can be programmed using a wide selection of multipliers and dividers.

• 256 kbytes flash program memory.

The Flash program memory is organized in 32-bit wide memory cells which

can be used for storing both code and data constants. It is accessed by CPU

with zero wait states at 36 MHz. It can be programmed using In-Circuit

Programming or In-Application programming with a memory endurance of

10K write/erase cycles and data retention of 20 years at 85 C.

• 16 kbytes RAM.

The 16 kbytes static RAM can be accessed as bytes, half-words (16 bits) or

full words (32 bits).

• 64 maskable Interrupt ReQuests (IRQs) with 16 priority levels.

16 external interrupts lines are available for application use. In addition, up

to 32 external wakeup lines can be used as general purpose interrupts.

• 112 I/O ports.

Up to 112 ports are programmable as general purpose input/output or al-

ternate function.

• 4 Direct Memory Access (DMA) controllers.

4 DMA controllers, each with 4 data streams, can manage data transfers.

Several configuration are possible: memory to memory, peripheral to pe-

ripheral, peripheral to memory and memory to peripheral.
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• 1 16-bit watchdog timer.

The 16-bit watchdog timer protects the application against hardware or

software failures and ensures recovery by generating a reset.

• 10 16-bit timers.

Each of the timers have a 16-bit free-running counter with 7-bit prescaler, up

to two input capture/output compare functions, a pulse counter function,

and a PWM channel with selectable frequency. This provides a total of 16

independent PWMs when added with the PWM modules.

• 6 16-bit Pulse Width Modulation (PWM) modules.

The six 16-bit PWM modules have independently programmable periods

and duty-cycles, with 5+3 bit prescaler factor.

• 3 16-bit timebase timers.

The three 16-bit Timebase Timers with 8-bit prescaler for general purpose

time triggering operations.

• 2 Inter-Integrated Circuit (I2C) interfaces.

The two I2C Interfaces provide multi-master and slave functions, support

normal and fast I2C mode (400 kHz) and 7 or 10-bit addressing modes.

• 4 Universal Asynchronous Receiver Transmitter (UART) interfaces.

The 4 UARTs allow full duplex, asynchronous, communications with exter-

nal devices with independently programmable TX and RX baud rates up

to 625 kbaud.

• 3 Buffered Serial Peripheral Interfaces (BSPI).

Each of the three BSPIs allow full duplex, synchronous communications

with external devices, master or slave communication at up 6 Mb/s (at 36

MHz System Clock).

• 3 Controller Area Network (CAN) interfaces.

The three CAN modules are compliant with the CAN specification V2.0

part B (active). The bit rate can be programmed up to 1 MBaud.

• 16 channels ADC.

The 10-bit Analog to Digital Converter, converts up to 16 channels in single-

shot or continuous conversion modes. The minimum conversion time is 3us.
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• Joint Test Action Group (JTAG) interface.

This interface is primarily used for communicating with a PC using a suit-

able converter circuit. There exists a wide choice of development tools on

the market supporting microcontroller Flash memory programming and ap-

plication debugging.

The block diagram of the STR730 MCU is presented in figure 9.1.

Figure 9.1: STR730 block diagram
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The STR730 provides competitive features and a lot of built-in peripherals.

For this reason, it is possible to expand the project with other devices and func-

tionalities. To make this platform easy to modify, test and expand, the evaluation

board ARMIC30 has been used. It is composed of the STR730 with a few circuits

(power supplies, clock generation, JTAG interface, ...) to make the CPU work

without adding additional hardware. This tool is very useful to reduce the devel-

oping phase. Furthermore the ARMIC30 is equipped with several connectors for

testing and peripherals interfacing. Figure 9.2 shows a photo of the evaluation

board with a few labels to identify the main parts.

Figure 9.2: Photo of the evaluation board ARMIC30
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9.2 Peripherals organization

The STR730 has high potentialities as shown in the previous section. All the

peripherals are interfaced with it through specific in-circuit devices. Table 9.1

shows a list of the characteristics of the MCU’s interconnections.

Periph. Pins Mode Use Impl. Timing Inter.

GPIO4 4.9-4.12 OUT LEDS YES SYNC NO

GPIO5 5.11-5.14 IN MOTOR NO ASYNC YES

TIM1-4
0.2,0.12

PWM IN RC YES ASYNC NO
1.3,1.12

TIM5 NO TIMER TEST YES ASYNC YES

TIM7-8 4.0,4.2 PWM IN RC NO ASYNC NO

PWM1-4 2.3-2.6 PWM OUT MOTOR YES SYNC NO

TB0 NO TIMER TEST YES ASYNC YES

I2C0 2.14,2.15 I2C SONAR YES SYNC YES

UART0 6.8,6.9 UART IMU YES ASYNC YES

UART3 6.2,6.4 UART PC YES ASYNC YES

ADC0-3 3.0-3.3 ADC MOTOR NO SYNC YES

ADC4 3.4 ADC IR YES SYNC YES

ADC5,6 3.5,3.6 ADC BATT YES SYNC YES

ADC7-11 3.7-3.11 ADC IR NO SYNC YES

Table 9.1: multimete

The first column (”Periph.”) identifies the name of the MCU in-circuit periph-

eral, while the second one (”Pins”) specifies ports and pins of the communication.

In the column ”mode”, the type of the interface is reported and in ”Use” the

name of the connected device is specified. ”Impl.” (abbreviation of implementa-

tion) specifies whether the connection MCU-peripheral has been done yet or not.

The last two columns show if the timing mode is synchronous or asynchronous

respect to the main control cycle (”Timing”) and if the communication occurs

with a hardware interrupt request (”Inter.”).
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Even though table 9.1 shows a lot of technical information about the periph-

erals interfacing, it is still a little bit difficult to have a clear idea of the system

organization. Figure 9.3 presents a block diagram of the quadrotor system archi-

tecture to visualize devices and boards interconnections.

Figure 9.3: Quadrotor system architecture

The numbers reported on the lines (or arrows) specify the signals in each

connection. Thanks to table 9.1 and figure 9.3 it is possible to better understand

the configuration of the devices. It now follows a list which explains the blocks

reported in figure 9.3.

• in red the power supply part is represented.

It is composed by a supply source (”BATTERY”) and a board (”SUPPLY

ROUTER”) which filters the lines, routes them and provide two ADC read-

able signals. The power supply of the system is divided in two groups: the

motor power supply and the logic power supply. The first one must deliver a

lot of power to the motors, while the second one drives all the other devices

and requires much lower power, but a more stable reference. For this reasons

the two lines have been divided and filtered in the ”SUPPLY ROUTER”

board. Furthermore the information of the lines voltages is acquired from

the MCU through two ADC channels (after a level attenuation).
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• in blue the PC and the RF receiver communications are presented.

The PC is interfaced to the STR730 through two different channels. The first

one is needed to program the MCU software thanks to a ”PROGRAMMING

BOARD”. This hardware interfaces the USB with the JTAG. The second

communication channel is used to send and receive data between PC and

MCU while the system is running. Since the PC provides a serial interface

and the microcontroller has a UART one, a ”RS-232 TRANSCEIVER” is

needed to allow hardware compatibility. The ”RF RECEIVER” sends the

signals imposed by the remote controller to the STR730 PWM inputs.

• in orange the motors part is represented.

A ”POWER BOARD” is needed to correctly drive the motors (actually

in the real platform there is one power board for each motor). It receives

the power supply directly from the ”SUPPLY ROUTER” as stated before.

The PWM signals from the STR730 set the motors speed. Two types of

feedback are provided to the MCU (in the real platform they are not yet

implemented). The first one is composed of four analogue signals propor-

tional to the motors current. They are acquired through ADC inputs. The

other type of feedback is represented by the information of the overcurrent

alarm. An interrupt is required to handle this situation.

• in yellow the sensors are represented.

The ”IMU & GPS” device communicates with the MCU through a ”IMU

& GPS ROUTER” which powers the MTi-G and routes the needed sig-

nals to the microcontroller’s UART. Even the ”IRs” needs a circuit (”IRs

ROUTER”) which correctly routes the IR modules signals. In the real plat-

form just a IR module for height control is mounted, however six modules

will be supported in future works. The ”SONAR” is directly connected to

the STR730’s I2C in-circuit peripheral.

• in green the ARMIC30 evaluation board with the STR730 is represented.

All the MCU’s interfaces have been discussed above. Just one thing must

be pointed out: the logic power supply (”PWR IN”) connected with the

ARMIC30 is an unregulated 9 [V] to 15 [V] supply. The switching regula-

tor in the evaluation board provides instead a stable 5 [V] reference which

powers all the devices connected with the STR730 on the ”PWR” line.
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9.3 Software architecture

The software structure of the algorithm can be simplified in an easy scheme.

After the start-up of the system follows the initialization phase. It is needed

to set the right values and commands to variables and peripherals. After this

procedure, the main control loop begins. Each time, the algorithm waits until

the IMU have finished sending the attitude data. The IMU is therefore used

as the trigger of the system (100 Hz frequency). Furthermore, during the IMU

frame, the other sensors (SONAR and IR) are acquired. In this way it is possible

to synchronize all the sensors together.

When the IMU, SONAR and IR data are acquired, the algorithms reads the

last data memorized in the PWM inputs (related to the remote controller). The

following step is the control algorithm. It interprets and filters both the sensors

and the remote controller data. After that it applies a control law to reach the

targets. This phase requires a lot of calculus, hence time. In the real platform it

lasts more or less four milliseconds.

At the end of the computation, the software sets the PWM outputs data

which, through the motor power boards, controls the propellers. To observe the

variables and correctness of the algorithm, a PC communication starts right after

the PWM setting. A Matlab algorithm has been developed to acquire the data.

Thanks to the capability to plot quantities and do computation, this tool has been

very useful to test the STR730 code. In addition, it was possible to set control

parameters (through a Matlab interface) with a PC communication whenever

during the code execution.

Figure 9.4 shows the flow chart of the algorithm to better understand the main

control cycle and its timing. On the right part of the figure, a block diagram of the

timing, acquisitions and communications is represented. It is clear that a whole

cycle lasts 17 milliseconds: 8 for the acquisition, 4 for the control algorithm and

5 for the PC communication. Since the system is triggered every 10 milliseconds,

the algorithm must handle more than one phase at the same time (pipeline).

Therefore the control algorithm and the communication of a dataset occur while

the sensors acquire new quantities.
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Figure 9.4: Software flow chart
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Experimental results

The platform developed during this thesis is a small-scale helicopter with four

rotors in cross configuration. Its width and length are 782 mm while the height

is 154 mm. The whole system weights about 1 kg without batteries.

The cross-structure, motors and propellers were bought on internet from the

RCToys website. It was chosen the Draganflyer V model (without its electronics)

for its simple mechanics and reasonable price. The hardware system and the

software were instead developed during this thesis work.

The electronics was held together thanks to a plastic box. A lot of holes, with

a specific pattern, were drilled for decreasing the weight, avoiding rigidity losses.

Figure 10.1 shows the first layer of the electronic box. In the center-left of the

picture it is easy to note two switches connected to the ”supply router” board.

The MCU demo-board ARMIC30 is located in the middle of the picture. A lot

of wires are used to connect the board to external devices. One of them is the

RF receiver on the top-right of figure 10.1.

Figure 10.1: First layer of the electronic box
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Figure 10.2 shows the second layer of the electronic box. In the middle of the

picture, the four motor driver boards are shown. They were fixed on a paperboard

to avoid electric contacts with the ARMIC30 board (placed below). The wires in

these circuits are wider because they have to support higher currents.

Figure 10.2: Second layer of the electronic box

During flight maneuvers, vibrations are transmitted from the propellers to the

electronics. To keep the electronics steady in its place, a thin metal cover has

been fixed to the box top. This cover pushes a little bit the boards in the box.

Thanks to this pressure, the components are not free to move and stay still in

their place. The metal cover were drilled for decreasing the weight, as done for

the plastic box. Furthermore, The Inertial Measurement Unit was fixed on the

metal cover to exploit the available space. Figure 10.3 shows the top view of the

electronic box. It is easy to note the holed metal cover and the orange IMU.

Figure 10.3: Top view of the electronic box
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The bottom view of the electronic box is shown in figure 10.4. The two devices

mounted in the middle are used to measure the height of the quadrotor (from

the ground). The SONAR is the left one and has a dark red board. The two

ultrasound capsules are easy to identify. The black IR module is placed on the

right of the SONAR. For each bottom-corner of the electronic box, a thin leg was

fixed to avoid ground-sensors contact. Furthermore, a polyester part was added

to the legs as mechanic dumper.

Figure 10.4: Bottom view of the electronic box

Figure 10.5 shows a photo of the whole quadrotor platform. The cross struc-

ture is fixed to the electronics box in four points. On the center-left of the picture,

there is a flat cable used for the MCU programming. On the center-right, instead,

a few wires are connected to a RS232 transceiver for the PC interface. The two

wires placed at the bottom-center of the picture are used for the power supply.

Figure 10.5: Photo of the quadrotor platform
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Thanks to the MCU-PC interface, it was possible to acquire quadrotor data

during flight sessions. Those data helped to tune the control parameters with a

quantitative feedback. For all the four stabilization algorithms (height, roll, pitch

and yaw), a full PID controller were implemented. The obtained performance

were satisfactory even with a rough mechanic structure. In the next figures, a

few quadrotor tests are presented. They are divided in two plots to better identify

the trend of the signals and the error boundaries.

Figure 10.6 shows the roll stabilization performance. The roll error in static

conditions is always lower than one degree.

In figure 10.7 the pitch stabilization performance is shown. Even in this case

the pitch error in static conditions is always lower than one degree.

It is very important that both roll and pitch errors are kept low to provide

stable flight. In the hovering condition, if one of the two angles are different than

zero a longitudinal acceleration occur. This behavior makes difficult to maintain

a fixed position without drift.
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Figure 10.6: Roll stabilization performance
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Figure 10.7: Pitch stabilization performance

The yaw stabilization has lower requirements: an error in the yaw angle does

not cause any longitudinal acceleration in hovering condition. However the dy-

namic range is much wider than the roll or pitch one. The yaw can be changed

between -180 and +180 degrees while the other two (roll and pitch) shows small

variation (less than 10 degrees). Therefore, good performance in both dynamic

and static tracking is required.

Figure 10.8 shows the yaw stabilization performance. The yaw error in static

conditions is always lower than two degrees while that one in dynamic tracking

is kept under four degrees.

The height stabilization sensors have low resolution compared to the altitude

task. In most of the tests the height was kept lower than twenty centimeters.

These values were chosen to test the helicopter performance with ground-effect

interferences. Even in these conditions, the quadrtor showed good performance.

In figure 10.9 the height stabilization performance is shown. The height error

in static conditions is lower than two centimeters.
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Figure 10.8: Yaw stabilization performance
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Figure 10.9: Height stabilization performance
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Conclusion

The goals of this thesis work were to model the quadrotor helicopter and to test

its control algorithm, thanks also to a simulator. Furthermore these theoretical

considerations were taken into account to develop a real platform.

The quadrotor model was presented in chapter 3. Two appendices deepened

the dynamics and the aerodynamics basics (A and C respectively). In chapter 4

the control algorithm structure was explained. A simulator was adopted to test

both dynamics and control, as shown in chapter 5. To develop a real platform, it

was necessary to identify the physic constants used in the model. Chapter 6 and

appendices B and D showed the identification process. At last, chapters 7 - 9 gave

an accurate description of the quadrotor components and their interconnections.

In addition, the experimental results were reported in chapter 10.

According to the goals of this project, the research was very detailed in both

modelling and simulation. Thanks also to the identification process, the perfor-

mance of the real platform was satisfactory in spite of the mechanic structure

inaccuracies. The quadrotor tests showed roll and pitch errors always less than

one degree. Even the yaw error had low values: less than two degrees under static

condition and less than four degrees under dynamic tracking. The height stabi-

lization had an error of just two centimeters. This last value was considerably low

compared with the one centimeter resolution of the height sensor in that range.
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To improve this quadrotor project, a more accurate model of the helicopter

can be studied, in particular aerodynamic considerations can help in non hovering

operation. Together with this research, the identification of the real platform

physics must be much more accurate.

Several control algorithms can be investigated to find the best trade-off be-

tween performance and software complexity. A lot of articles which focus on

quadrotor stabilization algorithm have been already written. However it would

be great to compare them and find better solutions.

Even though the simulator showed already good accuracy and testability, it

would be great to be able to simulate the environment too and to use tools which

interact with the real platform.

The low level controller, implemented in this thesis, had the goal of height and

attitude stabilization. A high level controller can be connected to the previous

one to follow position requirements. Other tasks, computed by the high level con-

troller, can be obstacle avoidance and trajectory planning. Of course, to improve

the locating performance, several sensors must be connected to the platform. A

GPS can be used for knowing the global position in an outdoor scenario while

a network of IR modules and/or SONARs can be mounted to have information

about objects around the quadrotor as well as its position.

A camera can be used not only to determine the position, but also for a lot of

other purpose. For example it can be required for the tracking of mobile targets

or for environment mapping. In both cases, a camera capable of pan-tilt rotation

could achieve better performance.

The mechanic structure can be developed to carry a higher payload and a

dedicate electronic design can lower the size and weight of the needed circuitry.

Furthermore the DC-motors can be replaced by the brush-less onces to know the

exact propeller position (hence speed) and to have a higher thrust to weight ratio.

A last improvement can be done by replacing the remote controller with a

PC to be able to provide more complex tasks. It would be also good to have a

feedback from the helicopter and to show internal states, maps, images, . . .



Appendix A

Kinematics and Dynamics

This appendix describes the basic equations which identify a 6 DOF rigid

body. The Newton-Euler formulation has been adopted in this work.

The quadrotor model can be evaluated according kinematics (first) and dy-

namics (after) equations:

• Kinematics (section A.1)

• Dynamics (section A.2)

A.1 Kinematics

Kinematics is a branch of mechanics which studies the motion of a body or

a system of bodies without consideration of the forces and torques acting on it.

To describe the motion of a 6 DOF rigid body it is usual to define two reference

frames [33]:

• Earth inertial reference (E-frame)

• Body-fixed reference (B-frame)

The E-frame (oE, xE, yE, zE) is chosen as the inertial right-hand reference. xE

points toward the North, yE points toward the West, zE points upwards respect

to the earth and oE is the axis origin. This frame is used to define the linear

position (ΓE [m]) and the angular position (ΘE [rad]) of the quadrotor.
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The B-frame (oB, xB, yB, zB) is attached to the body. xB points toward the

quadrotor front, yB points toward the quadrotor left, zE points upwards and oB

is the axis origin. oB is chosen to coincide with the center of the quadrotor cross

structure. This reference is right-hand too. The linear velocity (V B [m s−1]), the

angular velocity (ωB [rad s−1]), the forces (FB [N ]) and the torques (τB [N m])

are defined in this frame.

The linear position ΓE of the helicopter is determined by the coordinates of

the vector between the origin of the B-frame and the origin of the E-frame respect

to the E-frame according to equation (A.1).

ΓE =
[
X Y Z

]T
(A.1)

Figure A.1 shows the two frames and their relation.

Figure A.1: Quadrotor frames

The angular position (or attitude) ΘE of the helicopter is defined by the orien-

tation of the B-frame respect to the E-frame. This is given by three consecutive

rotations about the main axes which take the E-frame into the B-frame. In this

work the ”roll-pitch-yaw” set of Euler angles were used. Equation (A.2) shows

the attitude vector.

ΘE =
[
φ θ ψ

]T
(A.2)



A.1. Kinematics 121

The rotation matrix RΘ [−] is obtained by post-multiplying the three basic

rotation matrices in the following order:

• Rotation about the zE axis of the angle ψ (yaw) through R(ψ, z) [−].

R(ψ, z) =

cψ −sψ 0

sψ cψ 0

0 0 1

 (A.3)

• Rotation about the y1 axis of the angle θ (pitch) through R(θ, y) [−].

R(θ, y) =

 cθ 0 sθ

0 1 0

−sθ 0 cθ

 (A.4)

• Rotation about the x2 axis of the angle φ (roll) through R(φ, x) [−].

R(φ, x) =

1 0 0

0 cφ −sφ
0 sφ cφ

 (A.5)

In the previous three equations (and in the following), this notation has been

adopted: ck = cos k, sk = sin k, tk = tan k. Equation (A.6) shows the composition

of the rotating matrix RΘ.

RΘ = R(ψ, z) R(θ, y) R(φ, x) =

=

cψcθ −sψcφ + cψsθsφ sψsφ + cψsθcφ

sψcθ cψcφ + sψsθsφ −cψsφ + sψsθcφ

−sθ cθsφ cθcφ

 (A.6)



122 Appendix A. Kinematics and Dynamics

As stated before, the linear V B and the angular ωB velocities are expressed

in the body-fixed frame. Their compositions are defined according to equations

(A.7) and (A.8).

V B =
[
u v w

]T
(A.7)

ωB =
[
p q r

]T
(A.8)

It is possible to combine linear and angular quantities to give a complete

representation of the body in the space. Two vectors, can be thus defined: the

generalized position ξ [+] and the generalized velocity ν [+], as reported in

equations (A.9) and (A.10).

ξ =
[
ΓE ΘE

]T
=
[
X Y Z φ θ ψ

]T
(A.9)

ν =
[
V B ωB

]T
=
[
u v w p q r

]T
(A.10)

The relation between the linear velocity in the body-fixed frame V B and that

one in the earth frame V E [m s−1] (or Γ̇E [m s−1]) involves the rotation matrix

RΘ according to equation (A.11).

V E = Γ̇E = RΘ V B (A.11)

As for the linear velocity, it is also possible to relate the angular velocity in

the earth frame (or Euler rates) Θ̇E [rad s−1] to that one in the body-fixed frame

ωB thanks to the transfer matrix TΘ [−]. Equations (A.12) and (A.13) show the

relation specified above.

ωB = T −1
Θ Θ̇E (A.12)

Θ̇E = TΘ ωB (A.13)
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The transfer matrix TΘ can be determined by resolving the Euler rates Θ̇E

into the body-fixed frame as shown in equations (A.14), (A.15) and (A.16).

pq
r

 =

φ̇0
0

+ R(φ, x)−1

0

θ̇

0

+ R(φ, x)−1R(θ, y)−1

0

0

ψ̇

 = T −1
Θ

φ̇θ̇
ψ̇

 (A.14)

T−1
Θ =

1 0 −sθ
0 cφ cθsφ

0 −sφ cθcφ

 (A.15)

TΘ =

1 sφtθ cφtθ

0 cφ −sφ
0 sφ/cθ cφ/cθ

 (A.16)

It is possible to describe equations (A.11) and (A.13) in just one equivalence

which relate the derivate of the generalized position in the earth frame ξ̇ [+]

to the generalized velocity in the body frame ν. The transformation is possible

thanks to the generalized matrix JΘ [−]. In this matrix, the notation 03×3 means

a sub-matrix with dimension 3 times 3 filled with all zeros. Equations (A.17) and

(A.18) show the relation described above.

ξ̇ = JΘ ν (A.17)

JΘ =

[
RΘ 03×3

03×3 TΘ

]
(A.18)
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A.2 Dynamics

Dynamics is a branch of mechanics which studies the effects of forces and

torques on the motion of a body or system of bodies. There are several techniques

which can be used to derive the equations of a rigid body with 6 DOF. The

Newton-Euler formulation has been adopted in this work.

The equations of motion are more conveniently formulated in a body-fixed

because with this notation [33]:

• The inertia matrix is time-invariant.

• Advantage of body symmetry can be taken to simplify the equations.

• Measurements taken on-board are easily converted to body-fixed frame.

• Control forces are almost always given in body-fixed frame.

The decision to describe the equations of motion in the body-fixed frame

trades off complexity in the acceleration terms for relative simplicity in the force

terms. Two assumptions have been made in this approach:

• The first one states that the origin of the body-fixed frame oB is coincident

with the center of mass (COM) of the body. Otherwise, another point

(COM) should be taken into account and thus considerably complicating

the body equations.

• The second one specifies that the axes of the B-frame coincide with the

body principal axes of inertia. In this case the inertia matrix I is diagonal

and, once again, the body equations become easier.

From the Euler’s first axiom of the Newton’s second law follows the derivation

of the linear components of the body motion, according to equation (A.19).

m Γ̈E = F E

m

·

R̂ΘV B = RΘ FB

m
(
RΘ V̇ B + ṘΘ V B

)
= RΘ FB

m RΘ

(
V̇ B + ωB × V B

)
= RΘ FB

m
(
V̇ B + ωB × V B

)
= FB (A.19)
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Where m [kg] is the quadrotor mass, Γ̈E [m s−2] is the quadrotor linear ac-

celeration vector WRT E-frame, F E [N ] is the quadrotor forces vector WRT

E-frame, V̇ B [m s−2] is the quadrotor linear acceleration vector WRT B-frame

and ṘΘ [−] is the rotation matrix derivative. Furthermore, the symbol ”×”

denote the vector product.

Equation (A.20) shows the derivation of the angular components of the body

motion from the Euler’s second axiom of the Newton’s second law.

I Θ̈E = τE

I

·

T̂Θ ωB = TΘ τB

...

I ω̇B + ωB ×
(
I ωB

)
= TΘ τB (A.20)

In equation (A.20) I [N m s2] is the body inertia matrix (in the body-fixed

frame), Θ̈E [rad s−2] is the quadrotor angular acceleration vector WRT E-frame,

ω̇B [rad s−2] is the quadrotor angular acceleration vector WRT B-frame and

τE [N m] is the quadrotor torques vector WRT E-frame.

By putting together equations (A.19) and (A.20), it is possible to describe the

motion of a 6 DOF rigid body. Equation (A.21) shows a matrix formulation of

the dynamics.[
m I3×3 03×3

03×3 I

] [
V̇ B

ω̇B

]
+

[
ωB ×

(
m V B

)
ωB ×

(
I ωB

) ] =

[
FB

τB

]
(A.21)

Where the notation I3×3 means an identity matrix with dimension 3 times 3.

In addition, it’s easy to see that the first matrix in equation (A.21) is diagonal and

constant. This equation is totally generic and is valid for all the rigid body which

obey to the hypothesis (or simplifications) previously done. However, it was used

in this work to model the quadrotor helicopter, hence the last vector contains

specific information about its dynamics. Chapter 3 provides the derivation of the

specific dynamic model taking into account the forces and torques in play.
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Appendix B

Linear regression

Linear regression is a method in which data are fitted with a straight line

according to the ordinary least squares. The procedure minimizes the sum of the

squared residual error obtained from the difference between the experimental data

and the linearized function [47]. This linear relation can be defined according to

equation (B.1).

y = a+ b x (B.1)

Where a and b are two constants identified by the regression. x is the indepen-

dent variable while y is the dependent variable. Since this appendix explains the

theory of linear regression, all its variables and constants are not reported in the

list of variables (appendix I) and in the list of constants (appendix H) because

they are not directly related to other sections. Therefore they are just initialized

and used in this appendix as ”stand alone” quantities.

The i-th residual error εi can be defined according to (B.2).

εi = yi − (a+ b xi) (B.2)

xi is the i-th element of the independent variable while yi is the i-th element

of the dependent variable.

The constants a and b are those which provide the lowest value of the function∑N
i=1 ε

2
i (N is the number of data acquired). The sum of the squared residual

error Φ is hence a function of a and b as shown in equation (B.3).

Φ =
N∑
i=0

ε 2
i =

N∑
i=0

(yi − a− b xi)
2 (B.3)
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To find the minimum of equation (B.3), the derivate of Φ respect to a and b

must be zero (and its second derivate must be grater than zero). Equations (B.4)

and (B.5) show the previous statement.

∂Φ

∂a
= −2

N∑
i=0

(yi − a− b xi) = 0 ⇒ a N + b

N∑
i=0

xi =
N∑
i=0

yi (B.4)

∂Φ

∂b
= −2

N∑
i=0

(yi − a− b xi)xi = 0 ⇒ a

N∑
i=0

xi + b

N∑
i=0

x 2
i =

N∑
i=0

xi yi (B.5)

The linear system of two equations and two variables can be rearranged to

find a and b, as shown in equations (B.6) and (B.7).

b =
N
∑

i xi yi −
∑

i xi
∑

i yi

N
∑

i x
2
i − (

∑
i xi)

2 (B.6)

a =

∑
i yi
∑

i x
2
i −

∑
i xi
∑

i xi yi

N
∑

i x
2
i − (

∑
i xi)

2 (B.7)

It can be demonstrated (neglected in this appendix) that this solution really

corresponds to a minimum of Φ.
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Aerodynamics calculation

The aerodynamics calculation describes the behavior of the rotating propellers

in the air. In particular two quantities are important to determine: the thrust

and the drag coefficients. They consider the aerodynamic effects and report them

in the quadrotor dynamic model.

The computations can be done according the combined momentum and blade

element theory which merges the concepts of two different analysis [48]:

• momentum theory (section C.1)

• blade element theory (section C.2)

C.1 Momentum theory

The rotor is modeled as a disk which provides energy to the air, receiving a

net force (as counter reaction). The hypotheses of this theory are:

• A flux tube of air crossing the disk is considered without interaction from

external air

• The propeller has an infinite number of blades

• the thickness of the disk is an infinitesimal quantity

• the vertical speed of the air is continuous through the disk

• the air is a perfect gas and is incompressible
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In this model, TMT [N ] is the thrust of the propeller (with MT) and points

upwards. The air speeds are defined with respect to the rotor: v−∞ [m s−1]

is asymptotically over, v1 [m s−1] is directly over, v2 [m s−1] is directly under

v+∞ [m s−1] is asymptotically under. Similarly, also the air pressures are defined

with respect to the rotor: p−∞ [Pa] is asymptotically over, p1 [Pa] is directly

over, p2 [Pa] is directly under and p+∞ [Pa] is asymptotically under. Figure C.1

shows the sketch of the momentum theory model

Figure C.1: Momentum theory

The thrust supplied by the rotor is proportional to the pressure difference

through the disk. It can be also defined as the variation of the air momentum

through the disk. Equations (C.1) and (C.2) show the equivalences.

TMT = A (p1 − p2) (C.1)

TMT = ṁA (v−∞ − v+∞) = ρA A v1 (v−∞ − v+∞) (C.2)

In the previous equations, A [m2] is the area of the disk (π R 2
P ), ṁA [kg s−1] is

the variation of the air mass through the disk and ρA [kg m−3] is the air density.

According to the hypothesis, the air speed directly over the rotor v1 is equal to

that one directly under the rotor v2. It is possible to write the Bernoulli equation

between the sections −∞ and 1 and between the sections 2 and +∞, as shown

in the equations (C.3) and (C.4).

p−∞ +
1

2
ρA v

2
−∞ = p1 +

1

2
ρA v

2
1 (C.3)

p2 +
1

2
ρA v

2
2 = p+∞ +

1

2
ρA v

2
−∞ (C.4)
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Rearranging equations (C.3) and (C.4), considering also that p+∞ = p−∞, the

speed v1 can be rewritten as:

v1 =
v+∞ + v−∞

2
(C.5)

the inflow speed at the rotor disk vI [m s−1] is

vI = v1 − v−∞ =
v+∞ − v−∞

2
(C.6)

It is possible now to define the thrust, considering equations (C.2) and (C.6):

TMT = 2 ρA A v1 vI (C.7)

To simplify the calculus, the hover condition was taken into account [6]. In

this condition v−∞ = 0, thus v1 = vI . Furthermore the thrust TMT is equal to

the weight carried from one propeller WP [N ] (WP = m g
4

). Equation (C.7) can

be reorganized as:

WP = 2 ρA A v 2
I ⇒ vI =

√
WP

2 ρA A
= 3.68 [m s−1] (C.8)

The inflow ratio λ [−] is a quantity used to relate the inflow speed to the rotor

tip speed.

λ =
vI

ωH RP

= 0.11 [−] (C.9)

Where ωH [rad s−1] is the angular speed of the blade in hovering and RP [m] is

its radius. Since the hovering condition implies zero horizontal speed, the rotor

advance ratio µ[−] is also equal to zero.
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C.2 Blade element theory

Momentum theory provides important information on the rotor performance,

but its level of detail is quite poor and gives limited analysis. Thus the total

aerodynamic forces and torques acting on a rotor are determined by using the

blade element theory combined with a few momentum theory concepts. With

this approach, the forces and torques are calculated by integrating the individual

forces acting on smaller blade elements over the entire rotor. Figure C.2 shows

the model of the propeller section.

Figure C.2: Blade element theory

The ”horizon” line is perpendicular to the rotor shaft (hovering condition).

θI [rad] is the angle of incidence between the horizon line and the blade chord

line. α [rad] is the angle of attack between the blade chord line and the local air

flow velocity vector vT [m s−1]. vT is the vector sum of the horizontal vH [m s−1]

and vertical vV [m s−1] air flow velocity. The angle between the horizon and the

local velocity vector is the local inflow angle φI [rad]. dDBET [N m−1] is the

infinitesimal drag force while dLBET [N m−1] is the infinitesimal lift force. The

vector sum of dDBET and dLBET is the infinitesimal aerodynamic resultant force

dFBET [N m−1]. dFBET can be also be divided into two infinitesimal aerodynamic

vertical dTBET [N m−1] and horizontal dHBET [N m−1] components.
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The vV velocity vector is due to the inflow motion of the rotor, thus, it is

uniform for every section. On the other hand, the vH velocity vector is due to the

angular speed of the blade element, hence, it depends on the radial position of the

section r [m]. The previous statements are simplified according to the hovering

hypothesis. Equations (C.10) and (C.11) shows the velocity components.

vV = vI = ωP RP λ (C.10)

vH = ωP r = ωP RP

(
r

RP

)
(C.11)

Where ωP [rad s−1] is the propeller (angular) speed. To continue with the

thrust and torque calculus, a few things have be taken into consideration. The

infinitesimal lift dLBET and drag dDBET forces, according to aerodynamics theory

[48], are determined by equations (C.12) and (C.13).

dLBET =
1

2
ρA v

2
H CL c dr (C.12)

dDBET =
1

2
ρA v

2
H CD c dr (C.13)

Where CL [−] is the lift coefficient, CD [−] is the drag coefficient (estimated from

[40] as 0.05) and c [m] is the average chord of the blade. The coefficient of lift

CL varies linearly with the angle of attack through the lift slope a [rad−1]. For

thin airfoils, at small angles of attack, the parameter a is equal to 2π [rad−1]

(according [38]).

CL = a α = a (θI − φI) (C.14)

The blade twist is assumed to vary linearly with radial position. Thus the model

includes the two constants zero angle of incidence θI0 [rad] and twist angle of

incidence θItw [rad], according to equation (C.15).

θI = θI0 − θItw
r

RP

(C.15)

Furthermore the angular velocity of the blade section is much larger than the

total inflow through the blade. Then, small angle approximations can be used to

define the inflow angle φI .

φI =
vV
vH

(C.16)

According to equations (C.12), (C.14), (C.15) and (C.16); the infinitesimal lift

force dLBET can be rewritten as shown in equation (C.17).

dLBET =
1

2
ρA v

2
H a

(
θI0 − θItw

r

RP

− vV
vH

)
c dr (C.17)
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The infinitesimal vertical force dTBET can be simplified considering the previous

small angle approximations and that the lift acting on the blade is about an order

of magnitude higher than the drag. Equation (C.18) shows the approximation.

dTBET = dLBET cosφI − dDBET sinφI ≈ dLBET (C.18)

The thrust (with BET) TBET [N ] is finally found by integrating the vertical

forces acting on all the blade element sections. The constant NB [−] identifies

the number of blades per propeller (NB = 2).

TBET = NB

∫ RP

0

dTBET
dr

dr =

=
NB ρA a c

2

∫ RP

0

(
θI0 v

2
H − θItw r

RP

v 2
H − vV vH

)
dr =

=
NB ρA a c ω

2
P R 2

P

2

∫ RP

0

(
θI0
R 2
P

r2 − θItw
R 3
P

r3 − λ

RP

r

)
dr =

= NB ρA a c ω
2

P R 3
P

(
θI0
6
− θItw

8
− λ

4

)
(C.19)

The infinitesimal horizontal force dHBET can be simplified considering the

previous small angle approximations, but in this case, both terms are significant

(same order of magnitude). Equation (C.20) shows the approximation.

dHBET = dDBET cosφI + dLBET sinφI ≈ dDBET + dLBET

(
vV
vH

)
(C.20)

The propeller torque QBET [N m] is found by integrating the horizontal forces

multiplied by the moment arm on all the blade element sections.

QBET = NB

∫ RP

0

(
dDBET

dr
+
dLBET
dr

vV
vH

)
r dr =

=
NB ρA c

2

∫ RP

0

(
v 2
H CD r + vV vH a θI0 r+

− vV vH a
θItw
RP

r2 − v 2
V a r

)
dr =

=
NBρAcω

2
P R 2

P

2

∫ RP

0

(
CD
R 2
P

r3+aλ

(
θI0
RP

r2− θItw
R 2
P

r3−λr
))

dr=

= NB ρA c ω
2

P R 4
P

(
CD
8

+ a λ

(
θI0
6
− θItw

8
− λ

4

))
(C.21)
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Moment of inertia calculation

The moment of inertia describes the dynamic behavior of a body in rotation

around a defined axis. It has the same role in rotational dynamics as mass does

in basic dynamics. The moment of inertia can be divided in two quantities [39]:

• scalar moment of inertia

• moment of inertia tensor

The scalar moment of inertia is defined as:

I =

∫∫∫
V

ρ r2dV (D.1)

Where I [kg m2] is the moment of inertia, V [m3] is the volume occupied by the

object, ρ [kg m−3] is the spatial density function of the object and r [m] is the

(perpendicular) distance of the considered point to the axis of rotation. Since

this appendix explain the theory of the moment of inertia, all its variables and

constants are not reported in the list of variables (appendix I) and in the list of

constants (appendix H) because they are not related to other sections. Therefore

they are just initialized and used in this appendix as ”stand alone” quantities.
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For the same object, different axes of rotation can have different moments of

inertia about those axes. The moment of inertia tensor is a convenient way to

summarize all moments of inertia of an object with one quantity. The moment

of inertia tensor is defined as:

I =


IXX IXY IXZ

IY X IY Y IY Z

IZX IZY IZZ

 (D.2)

Here IXX denotes the moment of inertia around the x-axis when the objects

are rotated around the x-axis, IXY denotes the moment of inertia around the

y-axis when the objects are rotated around the x-axis, and so on.

The following pages show a list of the geometries and their moments of inertia

calculus.
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• Solid rectangular prism with length L, width W , height H, mass M and a

constant density ρ = M
L W H

. Figure D.1 shows the geometry.

Figure D.1: Solid rectangular prism
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∫
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• Solid cylinder with radius R, height H, mass M and a constant density

ρ = M
π R2 H

. Figure D.2 shows the geometry.

Figure D.2: Solid cylinder
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• Solid cylinder with variable density with radius R, height H, mass M and

a density ρ = M
2π R H r

. The geometry is the same as in figure D.2.
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If the center of mass of the object is not equal to the axes origin (assumed as

COM of the quadrotor), there is a theorem (parallel axes theorem) which helps

to determine the moments of inertia without recalculating the integrals. The

theorem states that if the object COM axis of rotation is displaced by a distance

D from the axis of rotation, the displaced and the center moments of inertia are

related according to equation (D.12).

Idisplaced = Icenter +M D2 (D.12)

It follows an example with a solid rectangular prism displaced from the axes

origin. It has length L, width W , height H, distance from the COM around

the x-axis DX , distance from the COM around the y-axis DY , distance from the

COM around the z-axis DZ , mass M and a constant density ρ = M
L W H

. Figure

D.3 shows the geometry.

Figure D.3: Solid rectangular prism displaced
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IY =

∫
z

∫
y

∫
x

ρ
(
x2 + z2

)
dx dy dz =

= ρ

∫ DZ+H
2

DZ−H
2

∫ DY +W
2

DY −W
2

∫ DX+L
2

DX−L
2

(
x2 + z2

)
dx dy dz =

= . . . = M

(
L2

12
+
H2

12

)
+M

(
D 2
X +D 2

Z

)
(D.14)
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By comparing equations (D.13), (D.14) and (D.15) with equations (D.3), (D.4)

and (D.5) it’s easy to recognize the therm given by the displacement of the object

COM from the axis origin.
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Appendix E

Acronyms and abbreviations

Acronym Description

AC Alternated current

ADC Analog to Digital Converter

BEMF Back Electro-Motive Force

BET Blade Element Theory

BSC BaSiC

BSPI Buffered Serial Peripheral Interfaces

CAN Controller Area Network

COM Center Of Mass

CPU Central Processing Unit

DAT DATasheet

DC Direct Current

DMA Direct Memory Access

DOF Degrees Of Freedom

DSP Digital Signal Processor
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EDA Electronic Design Automation

Eng. Engineer

GRP GRaPhic method

GSM Global Positioning System

I2C Inter-Integrated Circuit

IEEE Institute of Electrical and Electronic Engineers

IMU Inertial Measurement Unit

IR InfraRed

IRQ Interrupt ReQuest

JTAG Joint Test Action Group

LED Light-Emitting Diode

LQR Linear Quadratic Regulator

LR1 Linear Regression 1

LR2 Linear Regression 2

MCU Micro Controller Unit

MEMS Micro Electro-Mechanical System

MIPS Million Instruction Per Second

MOSFET Metal-Oxide-Semiconductor Field-Effect Transistor

MT Momentum Theory

NA Not Available

Prof. Professor

PC Personal Computer

PCB Printed Circuit Board

PSD Position-Sensitive Device
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PWM Pulse Width Modulation

RAM Random Access Memory

RC Remote Controller

RF Radio Frequency

RISC Reduced Instruction Set Computer

RMS Root Mean Square

ROM Read Only Memory

UAV Unmanned Aerial Vehicle

SONAR SOund Navigation And Ranging

UART Universal Asynchronous Receiver Transmitter

USB Universal Serial Bus

VTOL Vertical Take-Off and Landing

WRT With Respect To

XKF Xsens Kalman Filter

µC MICRO Controller
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Appendix F

Units of measurement

Symbol Name Quantity Equivalence

◦C Celsius Celsius temperature K − 273

bit binary digit information’s unit bit

deg degree angle rad× 180× π−1

g gram mass kg × 10−3

kg kilogram mass kg

kg m−3 − spatial density kg m−3

m meter length m

m3 − volume m3

m s−1 − velocity m s−1

m s−2 − acceleration m s−2

rad radian angle rad

rad s−1 − angular velocity rad s−1

rad s−2 − angular acceleration rad s−2

s second time s
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Symbol Name Quantity Equivalence

A ampere electric current A

C coulomb electric charge A s

F farad electric capacitance C V −1 = A2 s4 kg−1 m−2

H henry inductance V s A−1 = kg m2 s−2 A−2

Hz hertz frequency s−1

J joule energy, work N m = C V = kg m2 s−2

K kelvin temperature K

N newton force kg m s−2

N m − torque kg m2 s−2

N m s2 − inertia kg m2

Pa pascal pressure N m−2 = kg m−1 s−2

T tesla magnetic flux density V s m−2 = kg A−1 s−2

V volt voltage kg m2 s−3 A−1

W watt electric power V A = J s−1 = N m s−1

= kg m2 s−3

Ω ohm resistance V A−1 = kg m2 s−3 A−2



Appendix G

List of prefixes

Factor Name Symbol Equivalence

1024 yotta- Y 1 000 000 000 000 000 000 000 000

1021 zetta- Z 1 000 000 000 000 000 000 000

1018 exa- E 1 000 000 000 000 000 000

1015 peta- P 1 000 000 000 000 000

1012 tera- T 1 000 000 000 000

109 giga- G 1 000 000 000

106 mega- M 1 000 000

103 kilo- k 1 000

102 hecto- h 100

101 deca- da 10

10−1 deci- d 0.1

10−2 centi- c 0.01

10−3 milli- m 0.001

10−6 micro- µ 0.000 001

10−9 nano- n 0.000 000 001

10−12 pico- p 0.000 000 000 001

10−15 femto- f 0.000 000 000 000 001

10−18 atto- a 0.000 000 000 000 000 001

10−21 zepto- z 0.000 000 000 000 000 000 001

10−24 yocto- y 0.000 000 000 000 000 000 000 001
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Appendix H

List of constants

Symbol Unit Value Description

0j×k − see p. 14 zero matrix with j rows and k columns

a rad−1 2π lift slope

b N s2 54.2× 10−6 thrust factor

bBET N s2 53.8× 10−6 thrust factor with BET

bGRP N s2 55.6× 10−6 thrust factor with GRP

bMT N s2 53.1× 10−6 thrust factor with MT

c m 0.02 average chord of the blade

d N m s2 1.1× 10−6 drag factor

g m s−2 9.81 acceleration due to gravity

l m 0.24 center of quadrotor

to center of propeller distance

m kg 1 mass of the quadrotor

vRT V 9.6 motor rated voltage

A m2 75.5× 10−3 propeller area

AP rad s−1 −22.7 linearized propeller’s speed coefficient

BP rad2 s−2 V −1 514 linearized input voltage coefficient

CD − 0.05 drag coefficient

CP rad2 s−2 494 linearized constant coefficient

DE m 70× 10−3 electronics box to COM distance

around the z-axis

DM m 12× 10−3 motor to COM distance around the z-axis
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Symbol Unit Value Description

DMG m 10.6× 10−3 motor gear to COM distance around the z-axis

DP m 20× 10−3 propeller to COM distance around the z-axis

DPG m 10.6× 10−3 propeller gear to COM distance around the z-axis

EB + see p. 17 movement matrix WRT E-frame

FE
G N see p. 15 gravitational force vector WRT E-frame

GH + see p. 20 gravitational vector WRT H-frame

HE m 20× 10−3 electronics box height

HM m 30× 10−3 motor height

HMG m 5.2× 10−3 motor gear height

HP m 2× 10−3 propeller height

HPG m 4.5× 10−3 propeller gear height

ICX N m s2 460× 10−6 cross structure moment of inertia

around the x-axis

ICY N m s2 460× 10−6 cross structure moment of inertia

around the y-axis

ICZ N m s2 920× 10−6 cross structure moment of inertia

around the z-axis

IEX N m s2 1.7× 10−3 electronics box moment of inertia

around the x-axis

IEY N m s2 1.7× 10−3 electronics box moment of inertia

around the y-axis

IEZ N m s2 1.3× 10−3 electronics box moment of inertia

around the z-axis

IM1X N m s2 11.7× 10−6 front motor moment of inertia

around the x-axis

IM1Y N m s2 2× 10−3 front motor moment of inertia

around the y-axis

IM1Z N m s2 2× 10−3 front motor moment of inertia

around the z-axis

IM2X N m s2 2× 10−3 right motor moment of inertia

around the x-axis

IM2Y N m s2 11.7× 10−6 right motor moment of inertia
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Symbol Unit Value Description

around the y-axis

IM2Z N m s2 2× 10−3 right motor moment of inertia

around the z-axis

IM3X N m s2 11.7× 10−6 rear motor moment of inertia

around the x-axis

IM3Y N m s2 2× 10−3 rear motor moment of inertia

around the y-axis

IM3Z N m s2 2× 10−3 rear motor moment of inertia

around the z-axis

IM4X N m s2 2× 10−3 left motor moment of inertia

around the x-axis

IM4Y N m s2 11.7× 10−6 left motor moment of inertia

around the y-axis

IM4Z N m s2 2× 10−3 left motor moment of inertia

around the z-axis

IMG1X N m s2 0.19× 10−6 front motor gear moment of inertia

around the x-axis

IMG1Y N m s2 70.8× 10−6 front motor gear moment of inertia

around the y-axis

IMG1Z N m s2 70.6× 10−6 front motor gear moment of inertia

around the z-axis

IMG2X N m s2 70.8× 10−6 right motor gear moment of inertia

around the x-axis

IMG2Y N m s2 0.19× 10−6 right motor gear moment of inertia

around the y-axis

IMG2Z N m s2 70.6× 10−6 right motor gear moment of inertia

around the z-axis

IMG3X N m s2 0.19× 10−6 rear motor gear moment of inertia

around the x-axis

IMG3Y N m s2 70.8× 10−6 rear motor gear moment of inertia

around the y-axis

IMG3Z N m s2 70.6× 10−6 rear motor gear moment of inertia
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Symbol Unit Value Description

around the z-axis

IMG4X N m s2 70.8× 10−6 left motor gear moment of inertia

around the x-axis

IMG4Y N m s2 0.19× 10−6 left motor gear moment of inertia

around the y-axis

IMG4Z N m s2 70.6× 10−6 left motor gear moment of inertia

around the z-axis

IP1X N m s2 38.8× 10−6 front propeller gear moment of inertia

around the x-axis

IP1Y N m s2 525× 10−6 front propeller gear moment of inertia

around the y-axis

IP1Z N m s2 556× 10−6 front propeller gear moment of inertia

around the z-axis

IP2X N m s2 525× 10−6 right propeller gear moment of inertia

around the x-axis

IP2Y N m s2 38.8× 10−6 right propeller gear moment of inertia

around the y-axis

IP2Z N m s2 556× 10−6 right propeller gear moment of inertia

around the z-axis

IP3X N m s2 38.8× 10−6 rear propeller gear moment of inertia

around the x-axis

IP3Y N m s2 525× 10−6 rear propeller gear moment of inertia

around the y-axis

IP3Z N m s2 556× 10−6 rear propeller gear moment of inertia

around the z-axis

IP4X N m s2 525× 10−6 left propeller gear moment of inertia

around the x-axis

IP4Y N m s2 38.8× 10−6 left propeller gear moment of inertia

around the y-axis

IP4Z N m s2 556× 10−6 left propeller gear moment of inertia

around the z-axis

IPG1X N m s2 1.3× 10−6 front propeller gear moment of inertia
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Symbol Unit Value Description

around the x-axis

IPG1Y N m s2 316× 10−6 front propeller gear moment of inertia

around the y-axis

IPG1Z N m s2 316× 10−6 front propeller gear moment of inertia

around the z-axis

IPG2X N m s2 316× 10−6 right propeller gear moment of inertia

around the x-axis

IPG2Y N m s2 1.3× 10−6 right propeller gear moment of inertia

around the y-axis

IPG2Z N m s2 316× 10−6 right propeller gear moment of inertia

around the z-axis

IPG3X N m s2 1.3× 10−6 rear propeller gear moment of inertia

around the x-axis

IPG3Y N m s2 316× 10−6 rear propeller gear moment of inertia

around the y-axis

IPG3Z N m s2 316× 10−6 rear propeller gear moment of inertia

around the z-axis

IPG4X N m s2 316× 10−6 left propeller gear moment of inertia

around the x-axis

IPG4Y N m s2 1.3× 10−6 left propeller gear moment of inertia

around the y-axis

IPG4Z N m s2 316× 10−6 left propeller gear moment of inertia

around the z-axis

IXX N m s2 8.1× 10−3 body moment of inertia around the x-axis

IXY N m s2 0 body moment of inertia around the y-axis

when the object is rotated around the x-axis

IXZ N m s2 0 body moment of inertia around the z-axis

when the object is rotated around the x-axis

IY X N m s2 0 body moment of inertia around the x-axis

when the object is rotated around the y-axis

IY Y N m s2 8.1× 10−3 body moment of inertia around the y-axis

IY Z N m s2 0 body moment of inertia around the z-axis
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Symbol Unit Value Description

when the object is rotated around the y-axis

IZX N m s2 0 body moment of inertia around the x-axis

when the object is rotated around the z-axis

IZY N m s2 0 body moment of inertia around the y-axis

when the object is rotated around the z-axis

IZZ N m s2 14.2× 10−3 body moment of inertia around the z-axis

I N m s2 see p. 136 body inertia matrix

Ij×j − see p. 14 identity matrix of dimension j

JB N m s2 70.8× 10−6 blade rotational moment of inertia

around the propeller axis

JM N m s2 1.1× 10−6 rotational moment of inertia

around the motor axis

JMG N m s2 12.8× 10−9 motor gear rotational moment of inertia

around the motor axis

JP N m s2 72.8× 10−6 rotational moment of inertia

around the propeller axis

JPG N m s2 1.38× 10−6 propeller gear rotational moment of inertia

around the propeller axis

JR N m s2 1.08× 10−6 rotor rotational moment of inertia

around the motor axis

JTM N m s2 3.68× 10−6 total rotational moment of inertia

around the motor axis

JTP N m s2 104× 10−6 total rotational moment of inertia

around the propeller axis

KE V s rad−1 6.3× 10−3 electric motor constant

KEDAT V s rad−1 4.6× 10−3 electric motor constant from DAT

KELR1 V s rad−1 6.3× 10−3 electric motor constant from LR1

KELR2 V s rad−1 6.3× 10−3 electric motor constant from LR2

KERMS V s rad−1 6.3× 10−3 electric motor constant from RMS

KM N m A−1 6.3× 10−3 mechanic motor constant

L H 15× 10−6 motor inductance

LB m 0.31 blade length
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Symbol Unit Value Description

LC m 470× 10−3 cross structure length

LE m 200× 10−3 electronics box length

LM m 210× 10−3 motor to COM distance around the x-axis

LMG m 210× 10−3 motor gear to COM distance around the x-axis

LP m 235× 10−3 propeller to COM distance around the x-axis

LPG m 235× 10−3 propeller gear to COM distance around the x-axis

MB kg 8.8× 10−3 blade mass

MC kg 25× 10−3 half cross structure mass

ME kg 200× 10−3 electronics box mass

MM kg 46× 10−3 motor mass

MMG kg 1.6× 10−3 motor gear mass

MP kg 8.8× 10−3 propeller mass

MPG kg 5.7× 10−3 propeller gear mass

MR kg 46× 10−3 rotor mass

MB + see p. 14 system inertia matrix WRT B-frame

MH + see p. 19 system inertia matrix WRT H-frame

N − 5.6 gear box reduction ratio

NB − 2 number of blades per propeller

R Ω 0.6 motor resistance

RC m 2.5× 10−3 cross structure radius

RBSC Ω 1.1 motor resistance from BSC

RDAT Ω 1.05 motor resistance from DAT

RLR1 Ω 0.61 motor resistance from LR1

RLR2 Ω 0.58 motor resistance from LR2

RM m 12× 10−3 motor radius

RMG m 4× 10−3 motor gear radius

RP m 155× 10−3 propeller radius

RPG m 22× 10−3 propeller gear radius

RR m 8.5× 10−3 rotor radius

RRMS Ω 0.61 motor resistance from RMS

TNL N m 0 motor no load torque

TRL N m 4.91× 10−3 motor rated load torque
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Symbol Unit Value Description

WP N 2.45 weight carried from one propeller

WB m 20× 10−3 blade width

WE m 200× 10−3 electronics bos width

η − 0.9 gear box efficiency

θI0 rad 0.67 zero angle of incidence

θItw rad 0.29 twist angle of incidence

λ − 0.11 inflow ratio

µ − 0 rotor advance ratio

ρA kg m−3 1.2 air density

ωH rad s−1 215 propeller speed in hovering

ωM0 rad s−1 2.07× 103 motor speed constant term

ωNL rad s−1 2.07× 103 motor no load speed

ωRL rad s−1 1.83× 103 motor rated load speed

∆ωM rad s−1 N−1 m−1 49× 103 motor speed linear coefficient

ΩH rad s−1 215 propeller speed in hovering
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List of variables

Symbol Unit Description

dDBET N m−1 infinitesimal drag force with BET

dFBET N m−1 infinitesimal aerodynamic resultant force with BET

dHBET N m−1 infinitesimal aerodynamic horizontal force with BET

dLBET N m−1 infinitesimal lift force with BET

dTBET N m−1 infinitesimal aerodynamic vertical force with BET

e V back electro-motive force of the motor

e + generic error

ez m height error

eθ rad pitch error

eφ rad roll error

eψ rad yaw error

fOLC blade s−1 frequency of the waveform on the oscilloscope

h − PWM code vector

i A motor current

j − generic index

k − generic index

k − generic vector

ṁA kg s−1 variation of the air mass through the disk

n − number of data acquired

p rad s−1 quadrotor angular velocity around xB WRT B-frame

ṗ rad s−2 quadrotor angular acceleration around xB WRT B-frame
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Symbol Unit Description

p−∞ Pa air pressure asymptotically under the rotor

p1 Pa air pressure directly under the rotor

p2 Pa air pressure directly over the rotor

p+∞ Pa air pressure asymptotically over the rotor

q rad s−1 quadrotor angular velocity around yB WRT B-frame

q̇ rad s−2 quadrotor angular acceleration around yB WRT B-frame

r rad s−1 quadrotor angular velocity around zB WRT B-frame

ṙ rad s−2 quadrotor angular acceleration around zB WRT B-frame

r m radial position of the airfoil section

r + generic task reference

t s time

u m s−1 quadrotor linear velocity along xB WRT B-frame

u̇ m s−2 quadrotor linear acceleration along xB WRT B-frame

u + generic controlled variable

v m s−1 quadrotor linear velocity along yB WRT B-frame

v̇ m s−2 quadrotor linear acceleration along yB WRT B-frame

v V input motor voltage

v−∞ m s−1 air speed asymptotically under the rotor

v1 m s−1 air speed directly under the rotor

v2 m s−1 air speed directly over the rotor

v+∞ m s−1 air speed asymptotically over the rotor

vEST V estimated dataset voltage

vEXP V experimental dataset voltage

vH m s−1 horizontal air flow velocity at the rotor

vI m s−1 air inflow speed at the rotor

vL V motor inductance voltage

vR V motor resistance voltage

vT m s−1 air flow velocity at the rotor

vV m s−1 vertical air flow velocity at the rotor

v V inputs voltage vector

w m s−1 quadrotor linear velocity along zB WRT B-frame

ẇ m s−2 quadrotor linear acceleration along zB WRT B-frame
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Symbol Unit Description

y + generic process output

zd m desired height

zIR m height measured by the IR module

zSONAR m height measured by the SONAR

CL − lift coefficient

CB(ν) + Coriolis-centripetal matrix WRT B-frame

CH(ζ) + Coriolis-centripetal matrix WRT H-frame

EH(ξ) + movement matrix WRT H-frame

Fx N quadrotor force along xB WRT B-frame

Fy N quadrotor force along yB WRT B-frame

Fz N quadrotor force along zB WRT B-frame

FB N quadrotor forces vector WRT B-frame

FE N quadrotor forces vector WRT E-frame

FB
G N gravitational force vector WRT B-frame

GB(ξ) + gravitational vector WRT B-frame

JΘ − generalized matrix

KD + generic derivative coefficient

KDz s−1 height derivative coefficient

KDθ s−1 pitch derivative coefficient

KDφ s−1 roll derivative coefficient

KDψ s−1 yaw derivative coefficient

KI + generic integral coefficient

KIz s−3 height integral coefficient

KIθ s−3 pitch integral coefficient

KIφ s−3 roll integral coefficient

KIψ s−3 yaw integral coefficient

KP + generic proportional coefficient

KPz s−2 height proportional coefficient

KPθ s−2 pitch proportional coefficient

KPφ s−2 roll proportional coefficient

KPψ s−2 yaw proportional coefficient

OB(ν) + gyroscopic propeller matrix WRT B-frame
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Symbol Unit Description

OH(ζ) + gyroscopic propeller matrix WRT H-frame

PE W electric motor power

PM N m s−1 mechanic motor power

PP N m s−1 mechanic propeller power

QBET N m propeller torque with BET

R(θ, y) − rotation matrix around the y axis

R(φ, x) − rotation matrix around the x axis

R(ψ, z) − rotation matrix around the z axis

RΘ − rotation matrix (roll-pitch-yaw)

ṘΘ − rotation matrix derivative

S(·) + skew-symmetric operator

TBET N propeller thrust with BET

TG g propeller lift in grams

TL N m load torque

TM N m motor torque

TMP N m motor torque on propeller axis

TMT N propeller thrust with MT

TN N propeller lift in newtons

TP N m propeller torque

TPM N m propeller torque on motor axis

TΘ − transfer matrix

U1 N vertical thrust respect to the body frame

U2 N m roll torque respect to the body frame

U3 N m pitch torque respect to the body frame

U4 N m yaw torque respect to the body frame

U + basic movement vector

UB(Ω) + movement vector WRT B-frame

V m3 volume

VDD V supply voltage

V B m s−1 quadrotor linear velocity vector WRT B-frame

V E m s−1 quadrotor linear velocity vector WRT E-frame

V̇ B m s−2 quadrotor linear acceleration vector WRT B-frame
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Symbol Unit Description

X m quadrotor linear position along xE WRT E-frame

Ẋ m s−1 quadrotor linear velocity along xE WRT E-frame

Ẍ m s−2 quadrotor linear acceleration along xE WRT E-frame

Y m quadrotor linear position along yE WRT E-frame

Ẏ m s−1 quadrotor linear velocity along yE WRT E-frame

Ÿ m s−2 quadrotor linear acceleration along yE WRT E-frame

Z m quadrotor linear position along zE WRT E-frame

Ż m s−1 quadrotor linear velocity along zE WRT E-frame

Z̈ m s−2 quadrotor linear acceleration along zE WRT E-frame

α rad angle of attack

εk − relative error

εRMS − RMS relative error

ζ + quadrotor generalized velocity vector WRT H-frame

ζ̇ + quadrotor generalized acceleration vector WRT H-frame

θ rad quadrotor angular position around y1 WRT E-frame (pitch)

θ̇ rad s−1 quadrotor angular velocity around y1 WRT E-frame (pitch)

θ̈ rad s−2 quadrotor angular acceleration around y1 WRT E-frame (pitch)

θd rad desired pitch angle

θI rad angle of incidence

ν + quadrotor generalized velocity vector WRT B-frame

ν̇ + quadrotor generalized acceleration vector WRT B-frame

ξ + quadrotor generalized position vector WRT E-frame

ξ̇ + quadrotor generalized velocity vector WRT E-frame

ξ̈ + quadrotor generalized acceleration vector WRT E-frame

ρ kg m−3 spatial density

τx N m quadrotor torque around xB WRT B-frame

τy N m quadrotor torque around yB WRT B-frame

τz N m quadrotor torque around zB WRT B-frame

τB N m quadrotor torques vector WRT B-frame

τE N m quadrotor torques vector WRT E-frame

φ rad quadrotor angular position around x2 WRT E-frame (roll)

φ̇ rad s−1 quadrotor angular velocity around x2 WRT E-frame (roll)
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Symbol Unit Description

φ̈ rad s−2 quadrotor angular acceleration around x2 WRT E-frame (roll)

φd rad desired roll angle

φI rad inflow angle

ψ rad quadrotor angular position around zE WRT E-frame (yaw)

ψ̇ rad s−1 quadrotor angular velocity around zE WRT E-frame (yaw)

ψ̈ rad s−2 quadrotor angular acceleration around zE WRT E-frame (yaw)

ψd rad desired yaw angle

ψ̇d rad s−1 desired yaw angle velocity

ωM rad s−1 motor speed

ω̇M rad s−2 motor acceleration

ωP rad s−1 propeller speed

ω̇P rad s−2 propeller acceleration

ωB rad s−1 quadrotor angular velocity vector WRT B-frame

ω̇B rad s−2 quadrotor angular acceleration vector WRT B-frame

ΓE m quadrotor linear position vector WRT E-frame

Γ̇E m s−1 quadrotor linear velocity vector WRT E-frame

Γ̈E m s−2 quadrotor linear acceleration vector WRT E-frame

∆A rad s−1 first propeller speed increment

∆B rad s−1 second propeller speed increment

ΘE rad quadrotor angular position vector WRT E-frame

Θ̇E rad s−1 quadrotor angular velocity vector WRT E-frame

Θ̈E rad s−2 quadrotor angular acceleration vector WRT E-frame

Λ + quadrotor generalized force vector WRT B-frame

Ω rad s−1 overall propellers’ speed

Ω1 rad s−1 front propeller speed

Ω2 rad s−1 right propeller speed

Ω3 rad s−1 rear propeller speed

Ω4 rad s−1 left propeller speed

Ω rad s−1 propellers’ speed vector

Ω̇ rad s−2 propellers’ acceleration vector
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